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Introduction

What is this? These pages are a collection of facts (identities, approxima-
tions, inequalities, relations, ...) about matrices and matters relating to them.
It is collected in this form for the convenience of anyone who wants a quick
desktop reference .

Disclaimer: The identities, approximations and relations presented here were
obviously not invented but collected, borrowed and copied from a large amount
of sources. These sources include similar but shorter notes found on the internet
and appendices in books - see the references for a full list.

Errors: Very likely there are errors, typos, and mistakes for which we apolo-
gize and would be grateful to receive corrections at cookbook@2302.dk.

Its ongoing: The project of keeping a large repository of relations involving
matrices is naturally ongoing and the version will be apparent from the date in
the header.

Suggestions: Your suggestion for additional content or elaboration of some
topics is most welcome acookbook@2302.dk.

Keywords: Matrix algebra, matrix relations, matrix identities, derivative of
determinant, derivative of inverse matrix, differentiate a matrix.
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Notation and Nomenclature

A
A;
A
An

A—l
A+
A1/2
(A)ij

[A]j

Y

Matrix

Matrix indexed for some purpose

Matrix indexed for some purpose

Matrix indexed for some purpose

Matrix indexed for some purpose or

The n.th power of a square matrix

The inverse matrix of the matrix A

The pseudo inverse matrix of the matrix A (see Sec. 3.6)
The square root of a matrix (if unique), not elementwise
The (4, 7).th entry of the matrix A

The (4,7).th entry of the matrix A

The ¢j-submatrix, i.e. A with i.th row and j.th column deleted
Vector (column-vector)

Vector indexed for some purpose

The i.th element of the vector a

Scalar

Real part of a scalar

Real part of a vector

Real part of a matrix
Imaginary part of a scalar
Imaginary part of a vector
Imaginary part of a matrix

Determinant of A

Trace of the matrix A

Diagonal matrix of the matrix A, i.e. (diag(A))i; = 0;;As;
Eigenvalues of the matrix A

The vector-version of the matrix A (see Sec. 10.2.2)
Supremum of a set

Matrix norm (subscript if any denotes what norm)
Transposed matrix

The inverse of the transposed and vice versa, A~7 = (A~H)T = (AT)~1.
Complex conjugated matrix

Transposed and complex conjugated matrix (Hermitian)

Hadamard (elementwise) product
Kronecker product

The null matrix. Zero in all entries.

The identity matrix

The single-entry matrix, 1 at (4, ) and zero elsewhere
A positive definite matrix

A diagonal matrix
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1 BASICS

1 Basics

1.1 Trace

1.2 Determinant

Let A be an n X n matrix.

o
@
+
>
~ @
— Szl

For n = 2:

Tr
= Tr

= B'A!
LCciB71A!
— (A_l)T

AT + BT
BTAT
LCTBTAT

— (Afl)H

A L BH
BHAH

= ..C'BYA"Y

22iNis

Tr(AT)

Tr(BA)
C

Ai = eig(A)

(B
Tr(A) 4+ Tr(B)
(BCA) = Tr(CAB)
(

aa’)

[T A; = eig(A)

c" det(A), if A e R™*"
det(A)
det(A) det(B)
1/ det(A)
det(A)™
14+ulv

det(I+ A) =1+ det(A)+ Tr(A)

For n = 3:

det(I+ A) =1+ det(A) + Tr(A) + %Tr(Af —

1

5Tr(A?)

= o~ o~ o~~~ o~ o~ —~
© 00 J O Ut k= W N -

)
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1.3 The Special Case 2x2 1 BASICS

For n = 4:
1
det(I+A) = 1+det(A)+Tr(A)+ 3

+Tr(A)? — %Tr(AQ)

1 3 1 2 1 3
+Tr(A)? = STe(A)Tr(A%) + S Ta(A%)  (27)

For small ¢, the following approximation holds

det(T+eA) = 1+ det(A) +Tr(A) + %52TY(A)2 - %EQ’IY(AQ) (28)

1.3 The Special Case 2x2
Consider the matrix A
A [ An A }
Asy Agp
Determinant and trace
det(A) = Ay1Asy — Ap Aoy (29)

TI‘(A) = A11 + A22 (30)

Eigenvalues
A — X\ Tr(A) +det(A) =0

Tr(A) + /Tr(A)? — 4det(A) _ Tr(A) - /Tr(A)? — 4det(A)

AL = 2 A2 5
A1+ e =Tr(A) A1y = det(A)
Eigenvectors
_ Aiz Vo Aiz
)\1 — A11 )\2 - All
Inverse ) A A
A-l = 22 —Ai 1
det(A) [ —Aa An (81)
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2 DERIVATIVES

2 Derivatives

This section is covering differentiation of a number of expressions with respect to
a matrix X. Note that it is always assumed that X has no special structure, i.e.
that the elements of X are independent (e.g. not symmetric, Toeplitz, positive
definite). See section 2.8 for differentiation of structured matrices. The basic
assumptions can be written in a formula as

that is for e.g. vector forms,

6j _81‘,‘
y i_ oy

00X

0Xi; = Oy

w55
dy |, Oy 9yl Oy

(32)

The following rules are general and very useful when deriving the differential of

an expression ([19]):

Q
—
-
®
WSEE ol
I

oxT =
oxXH =

2.1 Derivatives of a

2.1.1 General form

0det(Y)
ox
0det(X)
> ax. K
—~ 0Xik
92 det(Y)
Ox?

0 (A is a constant)
adX

0X +0Y

Tr(0X)

(0X)Y + X(9Y)

(0X) oY + X o (JY)
(0X)®Y +X®(9Y)
X Hox)x !
Tr(adj(X)0X)
det(X)Tr(X~'0X)
Tr(X10X)

(0X)"

(0X)"

Determinant

oY
_ 17
= det(Y)Tr [Y Bx}
57ij det(X)
52xYy
= det(Y)|Tr Yla‘:”]
oY oY
19X 19
+Tr {Y 81‘} Tr {Y 8x}

() ()

(46)

(47)

(48)
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2.2 Derivatives of an Inverse 2 DERIVATIVES

2.1.2 Linear forms

ddet(X) —1\T
PAUX) e x ) (49)
w = det(AXB)(X )" = det(AXB)(X")"'  (51)

2.1.3 Square forms
If X is square and invertible, then

ddet(XTAX)

_ T -T
% = 2det(XTAX)X (52)

If X is not square but A is symmetric, then

ddet(XTAX)

e =2det(XTAX)AX(XTAX)! (53)

If X is not square and A is not symmetric, then

9 det(XTAX)

< = det(XTAX)(AX(XTAX) ' + ATX(XTATX)"Y)  (54)

2.1.4 Other nonlinear forms

Some special cases are (See [9, 7])

%}?TX)I — oxHT (55)
%@TX) = —ox7 (56)
% - (X H) = xH) (57)
ade;ij(cxk) = kdet(X")XT (58)
2.2 Derivatives of an Inverse
From [27] we have the basic identity
6?9[; _ _y-t %Y—l (59)
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2.3 Derivatives of Eigenvalues 2 DERIVATIVES

from which it follows
8(X‘1)kl

X, ~(XTDk(X 5 (60)
% = X Tab"xX" 7" (61)
%}?_1) — det(X (X YHT (62)

%?13) — —(X"'BAX T (63)
aTr(();;A)‘l) = (X+A)Y(X+A)HT (64)

From [32] we have the following result: Let A be an n x n invertible square
matrix, W be the inverse of A, and J(A) is an n X n -variate and differentiable
function with respect to A, then the partial differentials of J with respect to A
and W satisfy

aJ g dJ
A~ A aw

AfT

2.3 Derivatives of Eigenvalues

%Zeig(x) = aixﬁ(x) = 1 (65)
O Mew) = Dde®) = dwx T (69

If A is real and symmetric, \; and v; are distinct eigenvalues and eigenvectors
of A (see (276)) with vI'v; =1, then [33]

6)\i = V?@(A)Vi (67)
2.4 Derivatives of Matrices, Vectors and Scalar Forms

2.4.1 First Order

oxTa daTx

o T Tox 7 (69)
o (70)
38;; - (73)
8(6))((71:2? = Oim(A)n; = (I""A)y (74)
a(;(XT:) = OnlBhmy = I AN (75)
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2.4 Derivatives of Matrices, Vectors and Scalar Forms 2 DERIVATIVES

2.4.2 Second Order

0
—_— XuXmn = 2 X
Iy X > X

i klmn
8bTXTXc T T
—x - X(bc' +cb”)
T
d(Bx + lo)8 f(DX *d) _ BTC(Dx+d)+D'CT(Bx +b)
O(XTBX)1
Tl" = 6lj (XTB)kz + 6k.7 (BX)U
XTBX o - y
OX BX) _ yrgyis +J7"BX  (JY)p = 0t
0X;

See Sec 9.7 for useful properties of the Single-entry matrix J%

OxTBx

= (B+B”
ox (B+B)x
T T
w = DTXbc? + DXcb?
0X
aiX(Xb +¢)’D(Xb+c) = (D+DT)(Xb+c)b”
Assume W is symmetric, then
%(X —As)TW(x - As) = —2ATW(x — As)
GE(X —s)TW(x—s) = 2W(x —s)
b
%(x —s)TW(x—s) = —2W(x—s)
ag(x —As)TW(x - As) = 2W(x — As)
x
8%()( —As)TW(x—As) = —2W(x— As)s”
As a case with complex values the following holds
_ «HR)2
8(‘1872((& = —2b(a— XHb)*

This formula is also known from the LMS algorithm [14]

2.4.3 Higher-order and non-linear

X" = g
8(8Xiikl _ ;:O:(Xr']zjxnflf’r)kl
For proof of the above, see B.1.3.
9 T~n n§71 T T n—1—r\T
87Xa X"b = riO(X ) ab (X )

(89)

(91)
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2.5 Derivatives of Traces 2 DERIVATIVES

n—1
Z {anlfrabT (Xn)TXr
r=0
+()(T)T}(nabT()(nflfr)T] (92)

aT n\T~n

See B.1.3 for a proof.
Assume s and r are functions of x, i.e. s = s(x),r = r(x), and that A is a
constant, then

o os1”" orl" .
—s"Ar = |—| A — A
35S AT Lr“)x] r+ {8x] s (93)
E(AX)T(AX) B EXTATAX (94)
ox (Bx)T(Bx)  0xxTBTBx
_ ATAx x"AT AxB"Bx (95)
xTBBx (xTBTBx)?
2.4.4 Gradient and Hessian
Using the above we have for the gradient and the Hessian
f = xTAx+b'x (96)
0
foza—i = A+ADx+b (97)
*f T

2.5 Derivatives of Traces

Assume F(X) to be a differentiable function of each of the elements of X. It
then holds that

8Tr59};((X)) )T
where f(+) is the scalar derivative of F(-).
2.5.1 First Order
%Tr(x) = I (99)
aiXTr(XA) = AT (100)
%Tr(AXB) = ATB” (101)
%Tr(AXTB) = BA (102)
%Tr(XTA) = A (103)
%Tr(AXT) = A (104)
%Tr(A@X) = Tr(A)I (105)
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2.5 Derivatives of Traces

2 DERIVATIVES

2.5.2 Second Order

0 2
ax (X%
iT (XQB)
axX

9 T
75 (X" BX)
9 T
5 Tr(BXXT)

9 T
0

7 T
75 THXBX")

9 T

9 T

0
9 T

9 TxT
0
5 1T [(X"BXC]

9 T
0

T [(AXB + C)(AXB + C)T}

0]

See [7].
2.5.3 Higher Order

9 k
87XTT(X )

0

9 k
X Tr(AX")

% Tr [B"X"CXX" CXB]

2x 7 (106)
(XB + BX)” (107)
BX +B'X (108)
BX +B'X (109)
BX +B'X (110)
XB” + XB (111)
XB” + XB (112)
XB” + XB (113)

ATXTBT + BTXTAT  (114)
9 T
C'XBB” + CXBB” (116)

BXC +B'xXC” (117)
ATCTXB” + CAXB (118)
2AT(AXB + C)B” (119)

3
e TrX)Tr(X) = 2Tx(X)1(120)

E(Xk-1H)T (121)
k—1

> (XrAXkOT (122)
r=0

cxxXTcxBB”
+CTxXBBTX”CTX
+CXBB'X"CX
+CTxXXTc'XBB” (123)
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2.6 Derivatives of vector norms

2 DERIVATIVES

2.5.4 Other
0
0X

—Tr(AX'B) = (X 'BAX HT = X" TATBTX T (124)

Assume B and C to be symmetric, then

0 T —14]
a—XTr[(X CX) A
P

8—XT‘r[(XTCX)‘1(XTBX)

a T —1 T
8—XTr[(A+X CX) {(XTBX)

= —(CXXTCcX) ™ H)(A+AT)(XTCX)™ (125)

= —2CX(XTex)"'IXT"BX(xXTcx)!
+2BX(XTCX) ! (126)

= —2CX(A +XTCcX)"'XTBX(A + XTCcXx)!

+2BX(A + X'CX)™! (127)
See [7].
OTr(sin(X)) T
T = COS(X) (128)
2.6 Derivatives of vector norms
2.6.1 Two-norm
X—a
—|lx—allg = ——— 129
sl alls = X0 (129)
0 x—a I (x —a)(x—a)T
=z - = (130)
ox [|x —allz  [x—al: |x — a3
x|z olx"xll2
= = 2x (131)

2.7 Derivatives of matrix norms

For more on matrix norms, see Sec. 10.4.

2.7.1 Frobenius norm

) )
6—X||X|\% = a—XTr(XXH) =2X (132)

See (248). Note that this is also a special case of the result in equation 119.

2.8 Derivatives of Structured Matrices

Assume that the matrix A has some structure, i.e. symmetric, toeplitz, etc.
In that case the derivatives of the previous section does not apply in general.
Instead, consider the following general rule for differentiating a scalar function

f(A)

T T | S I

dAy 4= DAk DA 0A | 9A;
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2.8 Derivatives of Structured Matrices 2 DERIVATIVES

The matrix differentiated with respect to itself is in this document referred to
as the structure matriz of A and is defined simply by

0A

=S¥ 134
94, (134)

If A has no special structure we have simply S¥ = J¥, that is, the structure
matrix is simply the single-entry matrix. Many structures have a representation
in singleentry matrices, see Sec. 9.7.6 for more examples of structure matrices.

2.8.1 The Chain Rule

Sometimes the objective is to find the derivative of a matrix which is a function
of another matrix. Let U = f(X), the goal is to find the derivative of the
function g(U) with respect to X:

99(U) _ 99(f(X))

= 1
0X 0X (135)
Then the Chain Rule can then be written the following way:
99(U) _ 99(U) _ g~ 99(U) du
o0X axij Z Z 8ukl axij ( )
k=1 1=1
Using matrix notation, this can be written as:
99(U) 99(U) 7 0U
=T . 137
0X,; r[( o0 ) axij} (137)
2.8.2 Symmetric
If A is symmetric, then 8% = J¥ + JJ* — J¥J% and therefore
df  [of aof1" . [of
A Zr — 138
dA [BA] * [BA diag | 5x (138)
That is, e.g., ([5]):
% = A+AT —(Aol), see (142) (139)
M%m — det(X)2X ! — (X 1oT)) (140)
O1n det(X) 1 1
—— = 22X - (X I 141
= (XtoT) (141)
2.8.3 Diagonal
If X is diagonal, then ([19]):
0Tr(AX)
X = Aol (142)
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2.8 Derivatives of Structured Matrices 2 DERIVATIVES

2.8.4 Toeplitz

Like symmetric matrices and diagonal matrices also Toeplitz matrices has a
special structure which should be taken into account when the derivative with
respect to a matrix with Toeplitz structure.

OTr(AT)

143
T (143)
OTr(TA)
N oT
Tr(A) Te((AT)p1)  Te(ATI1nln—1,2) Api
Tr((AT]1,)) Tr(A)
= Te([AT )1 p]2,m 1) g (AT 1] 1,2)
: : : - Te(1AT 1)
Aln Te([AT11p)2,n—1)  Tr(AT]1,)) Tr(A)
= «aA)

As it can be seen, the derivative a(A) also has a Toeplitz structure. Each value
in the diagonal is the sum of all the diagonal valued in A, the values in the
diagonals next to the main diagonal equal the sum of the diagonal next to the
main diagonal in A”. This result is only valid for the unconstrained Toeplitz
matrix. If the Toeplitz matrix also is symmetric, the same derivative yields

OTr(AT) _ O0Tr(TA)

aT o =~ @A) +a(A)! —a(A)el (144)
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3 INVERSES

3 Inverses

3.1 Basic
3.1.1 Definition

The inverse A™! of a matrix A € C"*™ is defined such that
AAT'=ATTA =T, (145)

where I is the n x n identity matrix. If A~! exists, A is said to be nonsingular.
Otherwise, A is said to be singular (see e.g. [12]).

3.1.2 Cofactors and Adjoint
The submatriz of a matrix A, denoted by [A];; is a (n — 1) x (n — 1) matrix
obtained by deleting the ith row and the jth column of A. The (i,7) cofactor
of a matrix is defined as

COf(A,Z'M]') = (—1)i+‘j det([A]U), (146)

The matriz of cofactors can be created from the cofactors

cof(A,1,1) e cof(A,1,n)
COf(A) = COf(A, i ,7) (147)
cof(A,n, 1) e cof(A,n,n)
The adjoint matrix is the transpose of the cofactor matrix
adj(A) = (cof(A)), (148)

3.1.3 Determinant
The determinant of a matrix A € C**™ is defined as (see [12])

n

det(A) = > (—1)T Ay, det ([A]1) (149)
= zn:AleOf(A,].,j). (150)

3.1.4 Construction

The inverse matrix can be constructed, using the adjoint matrix, by

-adj(A) (151)

For the case of 2 x 2 matrices, see section 1.3.
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3.2 Exact Relations 3 INVERSES

3.1.5 Condition number

The condition number of a matrix ¢(A) is the ratio between the largest and the
smallest singular value of a matrix (see Section 5.3 on singular values),

e

(A)=T

(152)
The condition number can be used to measure how singular a matrix is. If the
condition number is large, it indicates that the matrix is nearly singular. The
condition number can also be estimated from the matrix norms. Here

c(A) = [|A]l- A7, (153)

where || - || is a norm such as e.g the 1-norm, the 2-norm, the co-norm or the
Frobenius norm (see Sec 10.4 for more on matrix norms).

The 2-norm of A equals \/(max(eig(AH A))) [12, p.57]. For a symmetric
matrix, this reduces to ||A|l2 = max(leig(A)|) [12, p.394]. If the matrix is
symmetric and positive definite, ||A||; = max(eig(A)). The condition number
based on the 2-norm thus reduces to

max(eig(A))

1y . . —1\\ _
I All2 A7 = max(eig(A)) max(eig(A~) = [ (154)
3.2 Exact Relations
3.2.1 Basic
(AB)"' =B 'A™! (155)

3.2.2 The Woodbury identity

The Woodbury identity comes in many variants. The latter of the two can be
found in [12]

(A+CBCh)™ = A'-AlcB'+cTA o) ICcTAT! (156)
(A+UBV)! = A'-A'UB'+VAIU) VAL (157)

If P, R are positive definite, then (see [30])

P'+B'R'B)"'B'R! =PBT(BPB” +R)! (158)

3.2.3 The Kailath Variant
(A+BC)'=A"1-A"'BI+CA'B)"'CA! (159)
See [4, page 153].

3.2.4 Sherman-Morrison
A" pbcTA!

A+bc)yt=A"t -
(A +bet) 1+cTA-'b

(160)
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3.2 Exact Relations 3 INVERSES

3.2.5 The Searle Set of Identities

The following set of identities, can be found in [25, page 151],

I+AHt = AA+D! (161)
(A+BBT)"'B = A 'BI+BTA!'B)! (162)
(A'+B™ ™! = AA+B)"'B=BA+B)'A  (163)

A-AA+B)'A = B-B(A+B)''B (164)

A7'+B! = A A+B)B! (165)

(I+AB)"! = I-A(I+BA)"'B (166)
(I+AB)'A = A(I+BA)! (167)

3.2.6 Rank-1 update of inverse of inner product

Denote A = (X*X)~! and that X is extended to include a new column vector
in the end X = [X v]|. Then [34]

o A+ AXTvvTXAT —AXTv
(XTX)—1 — VTV;VTXAXTV vIv—vTXAXTv
—vIxXAT 1
vIiv—vTXAXTv vIv—vTXAXTv

3.2.7 Rank-1 update of Moore-Penrose Inverse

The following is a rank-1 update for the Moore-Penrose pseudo-inverse of real
valued matrices and proof can be found in [18]. The matrix G is defined below:

(A+cd)t =AT +G (168)
Using the the notation
B = 1+d"Afc (169)
v = Afc (170)
n = (ANH)Td (171)
w = (I-AAT)c (172)
m = (I-ATA)d (173)

the solution is given as six different cases, depending on the entities ||wl|,
[lm]||, and 3. Please note, that for any (column) vector v it holds that vt =

T . .
T(vTv)=t = mvrz- The solution is:

A%

Case 1 of 6: If ||w|| # 0 and ||m]| # 0. Then

G = —vw —(m") T +p(m")Tw" (174)

1 T 1 T B T
= - vw' — mn’ + ————mw (175)

dls ||m][? ||| [[[w]?
Case 2 of 6: If ||w|| = 0 and ||m]|| # 0 and 5 = 0. Then
G = —vwrAT - (m")Tn” (176)
1 1
= ———vwwAT - — _mn” (177)
[IvIl® ||m][2
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3.3 Implication on Inverses 3 INVERSES

Case 3 of 6: If ||w|| = 0 and 8 # 0. Then

G- lmvTAt - P (||V|2m+v> (Hm|2(A+)TV + n)T
B [IVI[?[[ml[[*+[8[2 \ 5 B
(178)
Case 4 of 6: If ||w]|| # 0 and ||m|| = 0 and 5 = 0. Then
G = —-Afnn" —vw" (179)
1 1
= —— A" — ——vw” (180)
[} [Iwl[?

Case 5 of 6: If ||m|| = 0 and 8 # 0. Then

I PV 8 w2 , )(Ilnll >T
G = gt e (g At (Bhween) asy

Case 6 of 6: If |[w|| = 0 and ||m]|| =0 and 5 = 0. Then

G = —vwiA" —Atont + vFATnvn™ (182)
vIiA*tn

1 1
= ———vvlA* Aton” + —— —vyn
VI

- — 183
vEYY CE (183)

3.3 Implication on Inverses
If (A+B)'=A"1+B! then AB'A=BA'B (184)
See [25].

3.3.1 A PosDef identity
Assume P, R to be positive definite and invertible, then

P '+B'R'B)"'B’R! = PB”(BPB” + R)! (185)
See [30].

3.4 Approximations

The following identity is known as the Neuman series of a matrix, which holds
when |A;| < 1 for all eigenvalues A;

I-A)"'=) A" (186)
n=0
which is equivalent to
oo
IT+A)'=> (-1)"A" (187)
n=0

When |A;| < 1 for all eigenvalues )\;, it holds that A — 0 for n — oo, and the
following approximations holds
(I-A)"* I+A+A? (188)
I+A)1 = I-A+A2 (189)

1%

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: NOVEMBER 15, 2012, Page 20
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The following approximation is from [22] and holds when A large and symmetric
A-AT+A)TA=T-A! (190)

If 62 is small compared to Q and M then

(Q+o*M)'=Q ! -s’Q'MQ ! (191)
Proof:
(Q+o*M)™ ! = (192)
(QQ'Q+’MQ Q) = (193)
(I+°MQ HQ)™ = (194)
Q 'I+s°MQ ) (195)

This can be rewritten using the Taylor expansion:

Q 'I+o*MQ Nt = (196)
Q 'I->MQ '+ (c?MQ 12 -.) ¢ Q'-s2Q'MQ! (197)

3.5 Generalized Inverse
3.5.1 Definition

A generalized inverse matrix of the matrix A is any matrix A~ such that (see

[26])
AA"A=A (198)

The matrix A~ is not unique.

3.6 Pseudo Inverse
3.6.1 Definition

The pseudo inverse (or Moore-Penrose inverse) of a matrix A is the matrix AT
that fulfils

1 AATA=A

1I ATAAT = AT
111 AA™T symmetric
I\Y AT A symmetric

The matrix AT is unique and does always exist. Note that in case of com-
plex matrices, the symmetric condition is substituted by a condition of being
Hermitian.
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3.6.2 Properties

Assume A7 to be the pseudo-inverse of A, then (See [3] for some of them)

(ANt = A (199)
(AT = (AN (200)
(AT = (AHH (201)
(A9 = (A% (202)
(ATA)AT = Af (203)
(ATA)AT # AT (204)
(cA)T = (1/c)A+ (205)
At = (ATA)TAT (206)
At = AT(AAT)T (207)
(ATA)T = AT(ATT (208)
(AATYT = (AT)TAT (209)
AT = (AFA)TAH (210)
At = AH(AATT (211)
(AFA)T = AfAH)*T (212)
(AAT = (AT)TAT (213)
(AB)Y = (ATAB)"(ABB™)* (214)
FATA) - F(OT = A*[f(AAT) - fF(O)TA (215)
FAAT) — F(OT = A[f(A"A) - fO)TAT (216)
where A € C"*™,
Assume A to have full rank, then
(AAT)(AAT) = AAT (217)
(ATA)(ATA) = ATA (218)
Tr(AAT) = rank(AA™) (See [26]) (219)
Tr(ATA) = rank(ATA) (See [26]) (220)
For two matrices it hold that
(AB)Y = (ATAB)"(ABB™)* (221)
(AB)T = At@B* (222)

3.6.3 Construction
Assume that A has full rank, then

Anxn Square rank(A)=n = AT =A"!
Anxm Broad rank(A)=n = At=ATAAT)!
Anxm Tal rank(A) =m = AT =(ATA)1AT

The so-called ”broad version” is also known as right inverse and the ”tall ver-
sion” as the left inverse.
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Assume A does not have full rank, i.e. A is n x m and rank(A) = r <
min(n, m). The pseudo inverse AT can be constructed from the singular value
decomposition A = UDV7, by

At =V, DU’ (223)

where U,., D,., and V,. are the matrices with the degenerated rows and columns
deleted. A different way is this: There do always exist two matrices C n x r
and D r x m of rank r, such that A = CD. Using these matrices it holds that

AT =D (DD} (cTc)~Ic? (224)

See [3].
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4 COMPLEX MATRICES

4 Complex Matrices

The complex scalar product r = pg can be written as

Rr | | ®p —Sp Rq
[ST]_{SP ?RPH%} (229)
4.1 Complex Derivatives

In order to differentiate an expression f(z) with respect to a complex z, the
Cauchy-Riemann equations have to be satisfied ([7]):

df(z) _ OR(f(2) | .9S(f(2))

= - w1 ome (226)
and iz OR((2) | OS(f(2)
z . z NY z
- T es: T 03 (227)
or in a more compact form:
0f(z)  .0f(2)
0%z omz (228)

A complex function that satisfies the Cauchy-Riemann equations for points in a
region R is said yo be analytic in this region R. In general, expressions involving
complex conjugate or conjugate transpose do not satisfy the Cauchy-Riemann
equations. In order to avoid this problem, a more generalized definition of
complex derivative is used ([24], [6]):

e Generalized Complex Derivative:

$C) L1 _ 050y (229)

ORz 03z

dz 2

e Conjugate Complex Derivative

v 1 (956, 216)y
dz* 2\ Rz 03z /°

(230)

The Generalized Complex Derivative equals the normal derivative, when f is an
analytic function. For a non-analytic function such as f(z) = z*, the derivative
equals zero. The Conjugate Complex Derivative equals zero, when f is an
analytic function. The Conjugate Complex Derivative has e.g been used by [21]
when deriving a complex gradient.

Notice: i) Of) . Of()
z Z . VA
= 7 one T oss

e Complex Gradient Vector: If f is a real function of a complex vector z,
then the complex gradient vector is given by ([14, p. 798])

(231)

Vi(z) = ngf) (232)
of(z) , .0f(z)
Rz 0%z
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4.1 Complex Derivatives 4 COMPLEX MATRICES

e Complex Gradient Matrix: If f is a real function of a complex matrix Z,
then the complex gradient matrix is given by ([2])

. Ldf(Z)
Vi@Z) = 2 (233)
0f(2) | ,0f(Z)
ORZ OSZ

These expressions can be used for gradient descent algorithms.

4.1.1 The Chain Rule for complex numbers

The chain rule is a little more complicated when the function of a complex
u = f(x) is non-analytic. For a non-analytic function, the following chain rule
can be applied ([7])

9g(u) dg Ou  Jg Ou”

ox T oudz + ou* Ox (234)
_ 990u (%)*W
T Qudz ou ox

Notice, if the function is analytic, the second term reduces to zero, and the func-
tion is reduced to the normal well-known chain rule. For the matrix derivative
of a scalar function g(U), the chain rule can be written the following way:
0g(U 0g(U *
d9(U) _ Tr((HFHTOU) | Tr((F5)ToU")
0X 0X 0X

(235)

4.1.2 Complex Derivatives of Traces

If the derivatives involve complex numbers, the conjugate transpose is often in-
volved. The most useful way to show complex derivative is to show the derivative
with respect to the real and the imaginary part separately. An easy example is:

OTr(X*)  oTr(X")

I G TS G (236)
OTr(X*)  oTe(XP)
ex " asx T b (237)

Since the two results have the same sign, the conjugate complex derivative (230)
should be used.

OTr(X)  oTr(X")

X~ omx | (238)
OTr(X)  oTr(X")
Bex T Taex -t (239)

Here, the two results have different signs, and the generalized complex derivative
(229) should be used. Hereby, it can be seen that (100) holds even if X is a
complex number.

oTr(AX")
< = A (240)
OTr(AXT)
i—sx = A (241)
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4.2 Higher order and non-linear derivatives 4 COMPLEX MATRICES

OTr(AX")

. T
amx - A (242)
OTH(AXY) g
—ex . A (243)

oTr(XX")  oTr(X"X)

X~ omx - X (244)
OTr(XX?)  om(XPX)
s S ¢ = 28X (245)

By inserting (244) and (245) in (229) and (230), it can be seen that

oTr(XX")
—x =X (246)
oTr(XX")

—x =X (247)

Since the function Tr(XX*) is a real function of the complex matrix X, the
complex gradient matrix (233) is given by

OTr(XX )

Hy _
VIr(XX") = 273

=2X (248)

4.1.3 Complex Derivative Involving Determinants

Here, a calculation example is provided. The objective is to find the derivative of
det(X*" AX) with respect to X € C™*". The derivative is found with respect to
the real part and the imaginary part of X, by use of (42) and (37), det(X"” AX)
can be calculated as (see App. B.1.4 for details)

ddet(X"AX) 1 (8det(XHAX) B ,8det(XHAX))
aX T2 IRX TTTasX
= det(XAX)((XTAX) X A)T (249)

and the complex conjugate derivative yields

ddet(X"AX) 1 (8det(XHAX) ,8det(XHAX))
X" T2 IRX TTTasX
= det(XTAX)AX(X#AX)! (250)

4.2 Higher order and non-linear derivatives

E(AX)H(AX) B QXHAHAX (251)
ox (Bx)A(Bx)  0xxHBHBx
AHAx xH AH AxBHBx
N 2XHBBX —2 (xHBHBx)?2 (252)
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4.3 Inverse of complex sum

Given real matrices A, B find the inverse of the complex sum A + iB. Form
the auxiliary matrices

E = A+tB (253)
F = B-tA, (254)

and find a value of ¢t such that E~! exists. Then

(A+iB)™' = (1—it)(E+iF)! (
(1—it)(E+FE'F)"! —i(E+FE'F)"'FE)(256
= (1-it)(E+FE'F)"'(I-/FE™) (
(E4+FE'F) Y (I—tFE™ ") —i({I+FE™ ')  (
(E+FE'F)"'(I-tFE})
—i(E4+FE'F)" ({1 + FE™ ) (259)
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5 Solutions and Decompositions

5.1 Solutions to linear equations
5.1.1 Simple Linear Regression

Assume we have data (z,,y,) for n = 1,..., N and are seeking the parameters
a,b € R such that y; = ax; +b. With a least squares error function, the optimal
values for a, b can be expressed using the notation

X = (x1,...,x5)T y = (1, yn)t 1=(1,..,)T eRV*!
and
Ryw=x'x Ry =xT1 R;; =171
Ry, = yTx Ry = yT1
as

—1
a Rrx Ra:l RI Y
= ' 260
[b} [er Rll] {Ryl] (260)
5.1.2 Existence in Linear Systems

Assume A is n X m and consider the linear system
Ax=b (261)

Construct the augmented matrix B = [A b] then

Condition Solution

rank(A) = rank(B) = m  Unique solution x
rank(A) = rank(B) < m Many solutions x
rank(A) < rank(B) No solutions x

5.1.3 Standard Square

Assume A is square and invertible, then

Ax=b = x=A"'b (262)

5.1.4 Degenerated Square

Assume A is n X n but of rank r < n. In that case, the system Ax = b is solved
by
x=A%b

where AT is the pseudo-inverse of the rank-deficient matrix, constructed as
described in section 3.6.3.
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5.1.5 Cramer’s rule

The equation
Ax =Db, (263)

where A is square has exactly one solution x if the ith element in x can be

found as
_ det B

P = T 264
T det A (264)
where B equals A, but the ith column in A has been substituted by b.
5.1.6 Over-determined Rectangular
Assume A to be n x m, n > m (tall) and rank(A) = m, then

Ax=b = x=(ATA)"'ATb = A"b (265)

that is if there exists a solution x at all! If there is no solution the following
can be useful:
Ax=b = Xmin = ATb (266)

NOW Xnin is the vector x which minimizes ||[Ax — b||?, i.e. the vector which is
"least wrong”. The matrix A™ is the pseudo-inverse of A. See [3].
5.1.7 Under-determined Rectangular
Assume A is n x m and n < m ("broad”) and rank(A) = n.
Ax=Db = Xmin = AT(AAT) b (267)

The equation have many solutions x. But X,,;, is the solution which minimizes
||Ax — b||? and also the solution with the smallest norm ||x||>. The same holds
for a matrix version: Assume A isn x m, X is m x n and B is n X n, then

AX=B = X,n.=A'B (268)

The equation have many solutions X. But X,,;, is the solution which minimizes
||AX — B||? and also the solution with the smallest norm [|X||?. See [3].

Similar but different: Assume A is square n x n and the matrices By, By
are n X N, where N > n, then if By has maximal rank

AB) =B, = A,in = BBl (BoB{)™! (269)

where A,,;, denotes the matrix which is optimal in a least square sense. An
interpretation is that A is the linear approximation which maps the columns
vectors of By into the columns vectors of Bj.

5.1.8 Linear form and zeros

Ax=0, Vx = A=0 (270)

5.1.9 Square form and zeros
If A is symmetric, then

xTAx =0, Vx = A=0 (271)
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5.1.10 The Lyapunov Equation

AX+XB = C (272)
vec(X) = (I®A+BT 1) tvec(C) (273)
Sec 10.2.1 and 10.2.2 for details on the Kronecker product and the vec op-

erator.

5.1.11 Encapsulating Sum

S AXB, = C (274)
vee(X) = (ZnB£®An)71vec(C) (275)

See Sec 10.2.1 and 10.2.2 for details on the Kronecker product and the vec
operator.

5.2 Eigenvalues and Eigenvectors
5.2.1 Definition

The eigenvectors v; and eigenvalues A; are the ones satisfying

AVi == )\ivi (276)

5.2.2 Decompositions

For matrices A with as many distinct eigenvalues as dimensions, the following
holds, where the columns of V are the eigenvectors and (D);; = d;;\;,

AV = VD (277)

For defective matrices A, which is matrices which has fewer distinct eigenvalues
than dimensions, the following decomposition called Jordan canonical form,
holds

AV =V] (278)

where J is a block diagonal matrix with the blocks J; = A\;I 4+ N. The matrices
J; have dimensionality as the number of identical eigenvalues equal to A;, and N
is square matrix of same size with 1 on the super diagonal and zero elsewhere.

It also holds that for all matrices A there exists matrices V and R such that

AV =VR (279)
where R is upper triangular with the eigenvalues A; on its diagonal.
5.2.3 General Properties
Assume that A € R"*™ and B € R"™*",

eig(AB) = eig(BA) (280)
rank(A) =r = At most r non-zero \; (281)
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5.2.4 Symmetric

Assume A is symmetric, then

vvl =1 (i.e. V is orthogonal) (282)

A € R (i.e. A; is real) (283)

THAP) = L (284)
eig(I+cA) = 14c\ (285)
eig(A—cI) = N\ —c (286)
eig(A™h) = A (287)

For a symmetric, positive matrix A,

cig(ATA) = eig(AAT) = eig(A) o eig(A) (288)

5.2.5 Characteristic polynomial

The characteristic polynomial for the matrix A is
0 = det(A— A (289)
= A= g A" g\ - 4 (—1)"g, (290)
Note that the coefficients g; for j = 1,...,n are the n invariants under rotation
of A. Thus, g; is the sum of the determinants of all the sub-matrices of A taken
7 rows and columns at a time. That is, g1 is the trace of A, and gy is the sum

of the determinants of the n(n — 1)/2 sub-matrices that can be formed from A
by deleting all but two rows and columns, and so on — see [17].

5.3 Singular Value Decomposition

Any n X m matrix A can be written as

A =UDVT, (291)
where
U = ecigenvectors of AAT nxn
D = diag(eig(AAT)) nxm (292)
V = ecigenvectors of ATA mxm

5.3.1 Symmetric Square decomposed into squares
Assume A to be n x n and symmetric. Then

[A]=[V][D][VT]. (293)
where D is diagonal with the eigenvalues of A, and V is orthogonal and the
eigenvectors of A.
5.3.2 Square decomposed into squares
Assume A € R"*". Then

(A]=[V][D][U"]. (291)

where D is diagonal with the square root of the eigenvalues of AA”T, V is the
eigenvectors of AAT and U7 is the eigenvectors of AT A.
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5.3.3 Square decomposed into rectangular

Assume V,D,UT = 0 then we can expand the SVD of A into

(al=[v IVl ] e (295)

*

where the SVD of A is A = VDUT.

5.3.4 Rectangular decomposition I

Assume Aisnxm, Visnxn,Disnxn, Ulisnxm
[ A J=[V][D][ U ], (296)

where D is diagonal with the square root of the eigenvalues of AA”, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.

5.3.5 Rectangular decomposition II

Assume A isnxm, Visnxm, Dismxm, Ul ism xm

[ A ]=[ Vv || D u” (297)

5.3.6 Rectangular decomposition III

Assume Aisnxm, Visnxn, Disnxm, UT ism xm
[ A J=[V][ D ]| ©U" |, (298)

where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.

5.4 Triangular Decomposition

5.5 LU decomposition

Assume A is a square matrix with non-zero leading principal minors, then
A=LU (299)

where L is a unique unit lower triangular matrix and U is a unique upper
triangular matrix.

5.5.1 Cholesky-decomposition

Assume A is a symmetric positive definite square matrix, then
A =UTU=LL"7, (300)

where U is a unique upper triangular matrix and L is a lower triangular matrix.
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5.6 LDM decomposition
Assume A is a square matrix with non-zero leading principal minors', then
A = LDM” (301)

where L, M are unique unit lower triangular matrices and D is a unique diagonal
matrix.

5.7 LDL decompositions

The LDL decomposition are special cases of the LDM decomposition. Assume
A is a non-singular symmetric definite square matrix, then

A =1LDL” = L"DL (302)

where L is a unit lower triangular matrix and D is a diagonal matrix. If A is
also positive definite, then D has strictly positive diagonal entries.

1If the matrix that corresponds to a principal minor is a quadratic upper-left part of the
larger matrix (i.e., it consists of matrix elements in rows and columns from 1 to k), then the
principal minor is called a leading principal minor. For an n times n square matrix, there are
n leading principal minors. [31]
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6 Statistics and Probability

6.1 Definition of Moments

Assume x € R"*! is a random variable

6.1.1 Mean

The vector of means, m, is defined by

(m); = (z;) (303)

6.1.2 Covariance

The matrix of covariance M is defined by

(M)ij = (@ — (@3))(x; — (x;))) (304)
or alternatively as

M = ((x —m)(x —m)") (305)

6.1.3 Third moments

The matrix of third centralized moments — in some contexts referred to as
coskewness — is defined using the notation

m®) = (0 — (@) (25 — a5)) (@ — (1)) (306)

as
M; = m:(i)m:(:?’z)...m:(?;g} (307)

where ;" denotes all elements within the given index. M3 can alternatively be
expressed as
M = ((x —m)(x —m)” @ (x - m)") (308)

6.1.4 Fourth moments

The matrix of fourth centralized moments — in some contexts referred to as
cokurtosis — is defined using the notation

4
migh = (@i = (@) (2 — (@) (o — (we)) (@ — (@) (309)
as
4 4 4) (4 4 4) (4
M, = m:(:l)lm:(:2)1---m:(:721|m:(:1)2m:(:2)2-~-m:(:732 "'|m:(:1)nm:(:2)n"'m:(:472n:| (310)
or alternatively as

M, = ((x - m)(x - m)" @ (x - m)" @ (x — m)") (311)
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6.2 Expectation of Linear Combinations
6.2.1 Linear Forms

Assume X and x to be a matrix and a vector of random variables. Then (see
See [26])

E[AXB+C|] = AE[XB+C (312)
Var[Ax] = AVar[x]AT (313)
Cov[Ax,By] = ACov[x,y|B” (314)

Assume x to be a stochastic vector with mean m, then (see [7])

E[Ax+b] = Am-+b (315)
E[Ax] = Am (316)
Ex+b] = m+b (317)

6.2.2 Quadratic Forms

Assume A is symmetric, ¢ = E[x] and ¥ = Var[x]. Assume also that all
coordinates x; are independent, have the same central moments pq, po, U3, tig
and denote a = diag(A). Then (See [26])

Ex"Ax] = Tr(AX)+cTAc (318)
Var[x?’ Ax] = 2u3Tr(A?) +4poc’ A%c + 4psc’ Aa+ (g — 3u3)a”a (319)

Also, assume x to be a stochastic vector with mean m, and covariance M. Then
(see [7])

E[(Ax+a)(Bx+b)T] = AMB” + (Am +a)(Bm+b)"  (320)
Exx'] = M+ mm” (321)

Exa’x] = (M+mm')a (322)

ExTax”] = a’(M+mm”) (323)
E[(Ax)(Ax)T] = AM +mm”)AT (324)
E(x+a)(x+a)T] = M+ (m+a)(m+a)” (325)
E[(Ax+a)T(Bx+b)] = Tr(AMB?) + (Am+a)’(Bm +b) (326)
Ex"x] = Tr(M)+m’m (327)

Ex"Ax] = Tr(AM)+m”Am (328)
E[(Ax)T(Ax)] = Tr(AMAT)+ (Am)"(Am) (329)
E[(x+a)T(x +a)] Tr(M) + (m + a)” (m + a) (330)

See [7].
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6.2.3 Cubic Forms

Assume x to be a stochastic vector with independent coordinates, mean m,
covariance M and central moments vz = E[(x — m)?]. Then (see [7])

E[(Ax+a)(Bx+b)"(Cx+c)] = Adiag(B'C)v;
+Tr(BMCT)(Am + a)
+AMCT (Bm + b)
+(AMB” 4 (Am + a)(Bm 4 b)”)(Cm + c)

Exx"x] = v3+2Mm + (Tr(M) + m"m)m

E[(Ax+a)(Ax+a)(Ax+a)] = Adiag(ATA)v;
+[2AMAT + (Ax +a)(Ax +a)’](Am + a)
+Tr(AMAT)(Am + a)

E[(Ax +a)b”(Cx +¢)(Dx+d)T] = (Ax+a)b’(CMD? 4 (Cm + ¢)(Dm +d)7)

+(AMCT + (Am + a)(Cm + ¢)")b(Dm + d)”
+bT(Cm + ¢)(AMD? — (Am + a)(Dm + d)7)

6.3 Weighted Scalar Variable

Assume x € R"*! is a random variable, w € R™*! is a vector of constants and
y is the linear combination y = w’x. Assume further that m, My, M3, My
denotes the mean, covariance, and central third and fourth moment matrix of
the variable x. Then it holds that

T

(y) = wm (331)
(y—W)?*) = w'Maw (332)
(y=)’) = wMgwow (333)
(=) = w'Miwowew (334)
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7 Multivariate Distributions

7.1 Cauchy

The density function for a Cauchy distributed vector t € R”*!, is given by

7P/2F(¥) det(x) /2
(1/2) [1 + (t . M)Tzil(t . /1')](1+P)/2

p(t|p, X) = (335)

where p is the location, 3 is positive definite, and I denotes the gamma func-
tion. The Cauchy distribution is a special case of the Student-t distribution.

7.2 Dirichlet

The Dirichlet distribution is a kind of “inverse” distribution compared to the
multinomial distribution on the bounded continuous variate x = [z1,...,2zp]
[16, p. 44]

(o)

(XI)HF '

7.3 Normal

The normal distribution is also known as a Gaussian distribution. See sec. 8.

7.4 Normal-Inverse Gamma

7.5 Gaussian

See sec. 8.

7.6 Multinomial

If the vector n contains counts, i.e. (n); € 0,1,2, ..., then the discrete multino-
mial disitrbution for n is given by

d d
n! "

where a; are probabilities, i.e. 0 < a; <1 and Zi a; = 1.

7.7 Student’s t
The density of a Student-t distributed vector t € R”*!, is given by

iy L) dor(9)

p(tlp, 3, v) = P02 14 16— = (6 — )] 07

(337)

where p is the location, the scale matrix 3 is symmetric, positive definite, v
is the degrees of freedom, and I'" denotes the gamma function. For v = 1, the
Student-t distribution becomes the Cauchy distribution (see sec 7.1).
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7.7.1 Mean
E(t) = u, v>1 (338)

7.7.2 Variance
v

cov(t) = 5
v —

B v>2 (339)

7.7.3 Mode

The notion mode meaning the position of the most probable value

mode(t) = p (340)

7.7.4 Full Matrix Version

If instead of a vector t € R”*! one has a matrix T € RP*Y then the Student-t
distribution for T is

(v+P-p+1)/2]
v =—p+1)/2]
vdet(2)77/2 det(2) N2 x

det (@' + (T - M) (T -M)7]

P

T
p(TM, Q,3,v) = = V2]
p=1

—(u+P)/2(341)

where M is the location, €2 is the rescaling matrix, 3 is positive definite, v is
the degrees of freedom, and I' denotes the gamma function.

7.8 Wishart

The central Wishart distribution for M € RF*¥ M is positive definite, where
m can be regarded as a degree of freedom parameter [16, equation 3.8.1] [8,
section 2.5],[11]

1
p(M‘E,m) = P 1 X
omP/2,P(P—-1)/4 Hp F[i(m +1 *p)]
det(X)™™/2 det(M)(m=P=1/2
1
exp {—QTr(E_lM)} (342)
7.8.1 Mean
E(M) =mX (343)
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7.9 Wishart, Inverse

The (normal) Inverse Wishart distribution for M € RP*F M is positive defi-
nite, where m can be regarded as a degree of freedom parameter [11]

1
pM[E,m) = P/2. P(P-1)/4TTE TI1 X
2mP2pPP=D/AT] T3 (m + 1 - p)]
det(X2)™/2 det(M)~(m=P=1/2 »
1
exp {QTr(EMl)} (344)
7.9.1 Mean
1
EM) =2— 4

(M) TP (345)
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8 (Gaussians

8.1 Basics
8.1.1 Density and normalization

The density of x ~ N(m, X) is

_l(x —m)"Z 7 (x —m) (346)

() = ——

X) = ———ex

PR = datens) L2
Note that if x is d-dimensional, then det(27X) = (27)9 det(X).

Integration and normalization

/exp {;(x —m)TE Y x—m)|dx = det(273)

1 1
/exp {—QXTE_IX—FmTZ_lx dx = +/det(27X)exp [ZmTE_lm]

1
/exp |:—2XTAX—|— cI'x| dx

1
det(2rA—1)exp |:2CTA_TCj|
If X = [x1x3...x,] and C = [c;¢3...c;], then

/ exp {;Tr(XTAX) + Tr(CTX)} dX = \/det(2rA-1)" exp BTr(CTA1C)}

The derivatives of the density are

P = )T x - m) (347)
2
afaiT — p(x) (z—l(x —m)(x-m)’2"! - z—l) (348)

8.1.2 Marginal Distribution

Assume x ~ Nx(p, X) where

cln] welz] s(3E] e
then
P(xa) = Ni,(Bg>2a) (350)
p(xp) = Na, (b, Zp) (351)

8.1.3 Conditional Distribution

Assume x ~ Ny (i, 3) where

e P T S -
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then
LS o = Bo+ B, (% — )
p(XalXp) = N, (fla, Xa) { 8 & (353)
2, = %,-3.3,'%7
. =+ B8 (X — p,)
Xp|Xa) = N, (fip, . " 354
p( bl ) b(:u’b b) { Eb — Eb _ Ez’za 120 ( )

Note, that the covariance matrices are the Schur complement of the block ma-
trix, see 9.1.5 for details.

8.1.4 Linear combination
Assume x ~ N (m,,X;) and y ~ N (m,, 3,) then
Ax +By +c~N(Am, +Bm, +c,AX,A” + B, BT) (355)

8.1.5 Rearranging Means
_ det(2n(ATSTA)-T)

Nax[m,X] = Ne[A ' m, (ATSTA) ! 356
. s A", ( T (350)
If A is square and invertible, it simplifies to
1
<M, ¥ = ——— N [A! ATy 1A) !
Naxlm, 5] = (Al m, ™ (357)

8.1.6 Rearranging into squared form

If A is symmetric, then

1 1 1
—§XTAX +bTx = —i(x — A b)Y TAx— A b))+ 5loTA—llo
1 1 1
—§Tr(XTAX) +Tr(BTX) = —§Tr[(x —A'BYTAX - AT'B)] + 5T]r(BTprlB)

8.1.7 Sum of two squared forms

In vector formulation (assuming 3, 3o are symmetric)

1

e m) T ) (35%)
e 5

= - % (x—m,)" S (x - m.) + C (360)

»1 = wolywsd (361)
m, = (57143517 (3 'my + X5 'my) (362)
c = %(mfzf +my 3 (BT + 37N my + ;5 'my)(363)
—% (m?Elem + mQTE;lmz) (364)
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In a trace formulation (assuming ¥, 39 are symmetric)

1 _
—iTr((X ~M)TEH(X - My)) (365)

1 _
—§TT((X -~ M) 25 H(X — My)) (366)

1
= —§TI‘[(X - Mc>Tzc_1(X - Mc)] +C (367)
o= stz (368)
M, = (Z'+27H)74(EM) 4 251My) (369)
1
C = JTr|(B M+ 35 M) (B + 3, 1) 7 (B M+ 25 TMy)
1

—§Tr(M1T21_1M1 +MIZ; M) (370)

8.1.8 Product of gaussian densities

Let Nx(m, ) denote a density of x, then

Nx(mlazl) 'Nx(m2722) = Cch(mmEC) (371)
Cc = le(m27(21 +22))
1 1 T -1
Vasn(m; ) P |2 e B
m, = (743073 ' my 4+ 35 'my)
o= (e

but note that the product is not normalized as a density of x.

8.2 Moments
8.2.1 Mean and covariance of linear forms

First and second moments. Assume x ~ N (m, X)

E(x) =m (372)

Cov(x,x) = Var(x) = £ = E(xx’) — E(x)E(x") = E(xx") —mm” (373)

As for any other distribution is holds for gaussians that

E[Ax] = AF[x] (374)
Var[Ax] = AVar[x]A” (375)
Cov[Ax,By] = ACov[x,y|B” (376)
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8.2.2 Mean and variance of square forms

Mean and variance of square forms: Assume x ~ N (m, X)

E(xxT) = X+ mm” (377)
ExTAx] = Tr(AX)+m?’Am (378)
Var(xTAx) = Tr[AZ(A+AT)Z]+ ..
+m” (A + AT)S(A + AT)m (379)
El(x—m)TAx-m')] = (m-m)TA(m—-m')+Tr(AX) (380)

If ¥ = 0% and A is symmetric, then
Var(xTAx) = 20'Tr(A?) +40°m” A?m (381)
Assume x ~ N(0,0°I) and A and B to be symmetric, then
Cov(xTAx,x"Bx) = 20'Tr(AB) (382)

8.2.3 Cubic forms

Assume x to be a stochastic vector with independent coordinates, mean m and
covariance M

ExbTxxT] = mb’ (M +mm?”)+ (M + mm7”)bm?”
+b"m(M — mm?”) (383)

8.2.4 Mean of Quartic Forms

Exx"xxT] = 2(Z4+mm”)?> + m"m(E — mm?)
+Tr(E)(Z 4+ mm?’)
ExxTAxx"] = (Z4+mm”)(A+ AT)(Z + mm?’)
+m?” Am(E - mm”) + Tr[AZ](Z + mm7)
ExTxxTx] = 2Tr(Z?) +4m’Em + (Tr(X) + mTm)?
ExTAxx"Bx] = Tr[AXB+B)X]+m’ (A +AT")Z(B +B")m

+HTr(AZ) + m” Am)(Tr(BE) + m? Bm)

Ela’xb"xc"xd"x]
= (@7"E+mm")b)(c”(Z + mm?’)d)
+(@" (2 + mm”)c)(b” (X + mm’)d)
+@7"(Z + mmT)d)(bT (= + mm7T)c) — 2a’ mb’ mc’ md ' m

E[(Ax 4+ a)(Bx + b)?(Cx + ¢)(Dx + d)’]

= [AZB” + (Am + a)(Bm + b)?][CEZD” + (Cm + ¢)(Dm + d)’]
+[AZCT + (Am + a)(Cm + ¢)7][BED” + (Bm + b)(Dm + d)?]
+(Bm +b)"(Cm + ¢c)[AXD” — (Am + a)(Dm + d)7]
+Tr(BECT)AXD” + (Am + a)(Dm + d)”]
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E[(Ax +a)" (Bx +b)(Cx + )’ (Dx +d)]

= Tr[AZ(C'D + D?C)=B7]
+[(Am +a)"B + (Bm +b)" A]Z[CT(Dm +d) + D*(Cm + ¢)]
+[Tr(AZB”) + (Am + a)” (Bm + b)][Tr(CED?) + (Cm + ¢)” (Dm + d)]

See [7].
8.2.5 Moments
Elx] = Zpkmk (384)

Cov(x Z Z prpr (g + mypmy — mymy,) (385)

8.3 Miscellaneous
8.3.1 Whitening
Assume x ~ N(m, X) then
z=%"1%(x —m) ~ N(0,1) (386)
Conversely having z ~ N(0,I) one can generate data x ~ A (m, ) by setting
x =327+ m ~ N(m, %) (387)

Note that ¥/2 means the matrix which fulfils 3/2%1/2 = 3 and that it exists
and is unique since X is positive definite.

8.3.2 The Chi-Square connection

Assume x ~ A (m, ) and x to be n dimensional, then
z=(x-m) N (x—m)~ 2 (388)

where x2 denotes the Chi square distribution with n degrees of freedom.

8.3.3 Entropy

Entropy of a D-dimensional gaussian
D
H(x)=— /./\/(m7 ) InN(m, X)dx = In+/det(27X) + 5 (389)
8.4 Mixture of Gaussians

8.4.1 Density

The variable x is distributed as a mixture of gaussians if it has the density

1(x — mk)TEIZl(X —my) (390)

Zp w/dtz SRR

where pr sum to 1 and the Xy all are positive definite.
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8 GAUSSIANS

8.4.2 Derivatives
Defining p(s) = >, PrNs(py, Xi) one get

9np(s) piNs(p;, 2;) 9
= — In[p;Ng(p:, =
Ip; > PeNs (e, Bi) Op; nlp; (1 )l

pilNs(py ) 1
>k PNs (1, i) pj
- N (e
82155) - Ziﬁf/y&sz)k) aazj Infp;Ns (5, 33;)]

piNs(pj, 25) 1

(391)
(392)
(393)
(394)

(395)

= (=277 + 357 (s — y)(s — )T 27(396)

Zk pkNS(ll’kv i) 2

But pi and ¥j needs to be constrained.
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9 Special Matrices

9.1 Block matrices

Let A;; denote the 7jth block of A.
9.1.1 Multiplication

Assuming the dimensions of the blocks matches we have

|:A11A12:||:B11B12]
A21 ‘ A22 B21 ‘ B22

_ { A1B11 +A1pBy | ABia + ABy
A B +A»By | Ay Bis + ApBy

9.1.2 The Determinant

The determinant can be expressed as by the use of

Ci = An—ApAy Ay (397)
Cy = Ap—AnAjlAp (398)

as

det q Au | Ar D = det(Ags) - det(Cy) = det(A1;) - det(Cy)
A21 A22

9.1.3 The Inverse

The inverse can be expressed as by the use of

Ci = An—ApAy Ay (399)
Cy = Ay —AnAjl'Ap (400)
as .
[ A1 | Ao ] _ [ (o ‘ ~A'ALCH! ]
A | Ao —CyTAx A ‘ c;'
_ { AL+ A ARG ANAT | —CilAA,, }
—A Ay CrY | Asy + A5 AsiCrlALAL

9.1.4 Block diagonal

For block diagonal matrices we have

5 AO} - M|
det ({%D det(Ay1) - det(As) (402)
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9.1.5 Schur complement

Regard the matrix
[ Ay | A }
As | Ay

The Schur complement of block Ay of the matrix above is the matrix (denoted
C; in the text above)
Aoy — A21Af11A12

The Schur complement of block Ay of the matrix above is the matrix (denoted
C; in the text above)
A — A12A2_21A21

Using the Schur complement, one can rewrite the inverse of a block matrix

{ A | A r

Ao | A

_ |: I ‘ 0 :| |: (All —A12A2_21A21)_1 ‘ 0 :| |: I ‘ —A12A2_21 :|
—AL Ay |1 0 | A 0 | I

The Schur complement is useful when solving linear systems of the form

[A11A12}{X1}:[b1}
A21‘A22 X2 ba

which has the following equation for x;

(A1 — A12A521A21)X1 =b; — A12A§21b2

When the appropriate inverses exists, this can be solved for x; which can then
be inserted in the equation for x5 to solve for xs.

9.2 Discrete Fourier Transform Matrix, The

The DFT matrix is an N x N symmetric matrix W, where the k, nth element
is given by
kn —j2mkn

[ (403)

Thus the discrete Fourier transform (DFT) can be expressed as

N—1
X (k)= Z z(n)WHm. (404)
n=0

Likewise the inverse discrete Fourier transform (IDFT) can be expressed as

1 =

z(n) = + > X (Wit (405)
k=0

—

The DFT of the vector x = [2(0), (1), -+ ,2(N —1)]T can be written in matrix
form as
X = Wyx, (406)
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where X = [X(0), X(1),--+ ,2(N — 1)]7. The IDFT is similarly given as

x = Wy'X. (407)

Some properties of W exist:

1 1 s
Wy o= Wi (408)
WyW% = NI (409)
Wy = W% (410)
If Wy = e~ then [23]

w2 — e (411)

Notice, the DFT matrix is a Vandermonde Matrix.
The following important relation between the circulant matrix and the dis-
crete Fourier transform (DFT) exists

Tc=Wy'(Io(Wnt)Wy, (412)

where t = [to,t1, -+ ,t,_1]7 is the first row of T¢.

9.3 Hermitian Matrices and skew-Hermitian

A matrix A € C™*" is called Hermitian if
A=A

For real valued matrices, Hermitian and symmetric matrices are equivalent.

A is Hermitian < xPAxeR, vxeC™! (413)
A is Hermitian < eig(A) € R (414)
Note that
A=B+:C

where B, C are hermitian, then

_ATAT A AT

B
2 ’ 21

9.3.1 Skew-Hermitian

A matrix A is called skew-hermitian if
A=-A"

For real valued matrices, skew-Hermitian and skew-symmetric matrices are
equivalent.

A Hermitian < 4A is skew-hermitian (415)
A skew-Hermitian < x7TAy=-—x"Afy vxy (416)
A skew-Hermitian = eig(A) =4\, A ER (417)

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: NOVEMBER 15, 2012, Page 48



9.4 Idempotent Matrices 9 SPECIAL MATRICES

9.4 Idempotent Matrices

A matrix A is idempotent if
AA=A

Idempotent matrices A and B, have the following properties

A" = A, forn =1,2,3, ... (418)
I-A is idempotent (419)
AH is idempotent (420)
I- A" is idempotent (421)
If AB=BA = AB isidempotent (422)
rank(A) = Tr(A) (423)
AI-A) = 0 (424)
I-A)A = 0 (425)
AT = A (426)
f(sI+tA) = (I-A)f(s)+Af(s+1) (427)
Note that A — I is not necessarily idempotent.
9.4.1 Nilpotent
A matrix A is nilpotent if
A*=0
A nilpotent matrix has the following property:
FSI+tA) = If(s)+tAf'(s) (428)
9.4.2 TUnipotent
A matrix A is unipotent if
AA =1
A unipotent matrix has the following property:
f(sI+tA) = [I+A)f(s+t)+T—-A)f(s—1)]/2 (429)

9.5 Orthogonal matrices

If a square matrix Q is orthogonal, if and only if,
Q'Q=QQ" =1
and then Q has the following properties
e Its eigenvalues are placed on the unit circle.
e [ts eigenvectors are unitary, i.e. have length one.

e The inverse of an orthogonal matrix is orthogonal too.
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Basic properties for the orthogonal matrix Q

Q—l _ QT
Q" = Q
QQ" =1
Q'Q =1
det(Q) = =1

9.5.1 Ortho-Sym

A matrix Q4 which simultaneously is orthogonal and symmetric is called an
ortho-sym matrix [20]. Hereby

QlQ, = I (430)
Q: = Qf (431)
The powers of an ortho-sym matrix are given by the following rule
L+ (=DF_ 1+ (=1)kf!
QY (2 Fry Ll 5 " a, (432)
1 1-— k
_ I+ czs(kﬂr)I N cc;s( ) Q. (433)

9.5.2 Ortho-Skew

A matrix which simultaneously is orthogonal and antisymmetric is called an
ortho-skew matrix [20]. Hereby

Q7Q. =1 (434)
Q = -q (435)
The powers of an ortho-skew matrix are given by the following rule

ko (_A\k ke (_A\k

Qt = TEEI oy (436)
2 2
T . T

= cos(kjg)I + sm(kE)Q_ (437)

9.5.3 Decomposition

A square matrix A can always be written as a sum of a symmetric Ay and an
antisymmetric matrix A _
A=A, +A_ (438)

9.6 Positive Definite and Semi-definite Matrices

9.6.1 Definitions
A matrix A is positive definite if and only if
xTAx >0, Vx#0 (439)
A matrix A is positive semi-definite if and only if
xTAx >0, Vx (440)
Note that if A is positive definite, then A is also positive semi-definite.
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9.6.2 Eigenvalues

The following holds with respect to the eigenvalues:

A pos. def. & eig(AtAT) S ¢
. - A 2AH (441)
A pos. semi-def. & eig(8E2—) >0
9.6.3 Trace
The following holds with respect to the trace:
A pos. def. = Tr(A)>0 (442)

A pos. semi-def. = Tr(A)>0

9.6.4 Inverse

If A is positive definite, then A is invertible and A~! is also positive definite.

9.6.5 Diagonal
If A is positive definite, then A;; > 0,Vi

9.6.6 Decomposition I

The matrix A is positive semi-definite of rank r < there exists a matrix B of
rank r such that A = BBT

The matrix A is positive definite < there exists an invertible matrix B such
that A = BBT

9.6.7 Decomposition II

Assume A is an n X n positive semi-definite, then there exists an n x r matrix
B of rank 7 such that BTAB = 1.

9.6.8 Equation with zeros

Assume A is positive semi-definite, then X’AX =0 = AX=0

9.6.9 Rank of product
Assume A is positive definite, then rank(BAB7T) = rank(B)

9.6.10 Positive definite property

If A is n x n positive definite and B is 7 x n of rank =, then BABT is positive
definite.

9.6.11 Owuter Product

If X is n x r, where n < r and rank(X) = n, then XX is positive definite.

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK, VERSION: NOVEMBER 15, 2012, Page 51



9.7 Singleentry Matrix, The 9 SPECIAL MATRICES

9.6.12 Small pertubations

If A is positive definite and B is symmetric, then A —tB is positive definite for
sufficiently small ¢.

9.6.13 Hadamard inequality

If A is a positive definite or semi-definite matrix, then

See [15, pp.477]

9.6.14 Hadamard product relation

Assume that P = AA” and Q = BB” are semi positive definite matrices, it
then holds that

PoQ=RR"
where the columns of R are constructed as follows: r;;(;_1)n, = a; o b, for
1=1,2,....,Ng and j = 1,2,..., Ng. The result is unpublished, but reported by
Pavel Sakov and Craig Bishop.

9.7 Singleentry Matrix, The

9.7.1 Definition

The single-entry matrix J¥ € R™*" is defined as the matrix which is zero
everywhere except in the entry (7,7) in which it is 1. In a 4 X 4 example one
might have

00 0 0
00 10
23 _
J= = 00 0 0 (443)
00 0 0
The single-entry matrix is very useful when working with derivatives of expres-

sions involving matrices.

9.7.2 Swap and Zeros
Assume A to be n x m and J¥ to be m x p
AJ7=[0 0 ... A; ... 0] (444)

i.e. an n X p matrix of zeros with the i.th column of A in place of the j.th
column. Assume A to be n x m and J¥ to be p x n

0

S -

JIA=| A (445)

==}
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i.e. an p X m matrix of zeros with the j.th row of A in the placed of the i.th

row.

9.7.3 Rewriting product of elements

ApiBj = (AeieJTB)kl =
A By = (ATe,-eJTBT)
AipBj = (ATeieJTB)
ApiBj = (Aeie]TBT)kl

AJIB)y
kKl —
ATJIB)y,
AJIBT)y

(
(
Kl (
(
9.7.4 Properties of the Singleentry Matrix
Ifi=j
Jii g — yii (JT(Ji9)T = yii
Ji (3T = yid (JiNTJid = yii

If i # j
75] 17 7] i\T ( 1id\T _
Jigi =0 (J9)T(IHT =0

9.7.5 The Singleentry Matrix in Scalar Expressions
Assume A is n x m and J is m x n, then
Tr(AJY) = Tr(JYA) = (AT),;

Assume A isn xn, Jisn x m and B is m x n, then

Tr(AJYB) = (A'BT);
Tr(AJ'B) = (BA);;
Tr(AJYJ¥B) = diag(ATB"),;

Assume A is n x n, J¥ is n x m B is m x n, then
x’AJBx = (ATxx"B"),;
xT’AJ9JBx = diag(ATxx"BT);;

9.7.6 Structure Matrices

The structure matrix is defined by

0A _gii
BAij

If A has no special structure then
Sij _ J’L]

If A is symmetric then N N - o
S'Lj — Jlj _"_ J]’L _ Jllej

ATJIBT),,

(450)

(451)
(452)
(453)

(454)
(455)

(456)

(457)

(458)
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9.8 Symmetric, Skew-symmetric/Antisymmetric
9.8.1 Symmetric

The matrix A is said to be symmetric if

A=A"T (459)
Symmetric matrices have many important properties, e.g. that their eigenvalues
are real and eigenvectors orthogonal.
9.8.2 Skew-symmetric/Antisymmetric

The antisymmetric matrix is also known as the skew symmetric matrix. It has
the following property from which it is defined

A=-A" (460)

Hereby, it can be seen that the antisymmetric matrices always have a zero
diagonal. The n x n antisymmetric matrices also have the following properties.

det(AT) = det(—A) = (—1)"det(A) (461)
—det(A) = det(—A)=0, ifnisodd (462)

The eigenvalues of an antisymmetric matrix are placed on the imaginary axis

and the eigenvectors are unitary.

9.8.3 Decomposition

A square matrix A can always be written as a sum of a symmetric A and an
antisymmetric matrix A _

A=A, +A_ (463)

Such a decomposition could e.g. be

_A+AT+A—AT
a 2 2

A —A,+A_ (464)

9.9 Toeplitz Matrices

A Toeplitz matrix T is a matrix where the elements of each diagonal is the
same. In the n x n square case, it has the following structure:

ti1 tiz oo tin to ty e tpa
tor . T t :
T=| * = ! (465)
: ) oty : oy
2 B > S S B t_(n-1) -+ t-1 o

A Toeplitz matrix is persymmetric. If a matrix is persymmetric (or orthosym-
metric), it means that the matrix is symmetric about its northeast-southwest
diagonal (anti-diagonal) [12]. Persymmetric matrices is a larger class of matri-
ces, since a persymmetric matrix not necessarily has a Toeplitz structure. There
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are some special cases of Toeplitz matrices. The symmetric Toeplitz matrix is
given by:

to t1 -0 tha
t :
T = (466)
: . . t1
ln—1 -+ t1 o
The circular Toeplitz matrix:
o & tn—1
tn—l . .
Te = (467)
: t
ty 0 tpo1 o
The upper triangular Toeplitz matrix:
to 1 th—1
To=| " ], (468)
. T oL . t]
0 0 to
and the lower triangular Toeplitz matrix:
to 0 --- 0
t_q :
T, = (469)
: . .0
t—(n—l) o o

9.9.1 Properties of Toeplitz Matrices

The Toeplitz matrix has some computational advantages. The addition of two
Toeplitz matrices can be done with O(n) flops, multiplication of two Toeplitz
matrices can be done in O(nlnn) flops. Toeplitz equation systems can be solved
in O(n?) flops. The inverse of a positive definite Toeplitz matrix can be found
in O(n?) flops too. The inverse of a Toeplitz matrix is persymmetric. The
product of two lower triangular Toeplitz matrices is a Toeplitz matrix. More
information on Toeplitz matrices and circulant matrices can be found in [13, 7].

9.10 Transition matrices

A square matrix P is a transition matrix, also known as stochastic matrix or
probability matrix, if

The transition matrix usually describes the probability of moving from state 4
to 7 in one step and is closely related to markov processes. Transition matrices
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have the following properties

Probli — jin 1 step] = (P);; (470)
Probfi — j in 2 steps] = (P?);; (471)
Probfi — j in k steps] = (P*);; (472)

If all rows are identical = P" =P (473)
aP = aq, a is called invariant (474)

where a is a so-called stationary probability vector,i.e.,0 < a; <land ), a; =
1.

9.11 Units, Permutation and Shift

9.11.1 Unit vector

Let e; € R™! be the ith unit vector, i.e. the vector which is zero in all entries

except the ¢th at which it is 1.

9.11.2 Rows and Columns

ithrtow of A = el A (475)

K3

j.th column of A = Ae, (476)

9.11.3 Permutations

Let P be some permutation matrix, e.g.

010 el
P=|100|=[e e e3]|=|¢el (477)
0 0 1 el
For permutation matrices it holds that
PPT =1 (478)
and that
el A
AP =[ Ae; Ae; Aej | PA = | efA (479)
elA

That is, the first is a matrix which has columns of A but in permuted sequence
and the second is a matrix which has the rows of A but in the permuted se-
quence.

9.11.4 Translation, Shift or Lag Operators

Let L denote the lag (or ’translation’ or ’shift’) operator defined on a 4 x 4
example by

(480)

OO = O
o = o o
— o O O
O O OO
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i.e. a matrix of zeros with one on the sub-diagonal, (L);; = §; j4+1. With some
signal z; for t = 1, ..., N, the n.th power of the lag operator shifts the indices,
i.e.

0 for t=1,..,n

(L"), = { Ty, for t=n+1,...,.N (481)

A related but slightly different matrix is the 'recurrent shifted’ operator defined
on a 4x4 example by

=
Il

(482)

OO = O
o= o o
— o O O
OO O

i.e. a matrix defined by (IAJ)ZJ = 0ij+1 + 0,105 dim(r)- On a signal x it has the
effect A
(L"x); =xp, t'=[t—n) mod N]+1 (483)

That is, L is like the shift operator L except that it *wraps’ the signal as if it
was periodic and shifted (substituting the zeros with the rear end of the signal).
Note that L is invertible and orthogonal, i.e.

L!'=L" (484)

9.12 Vandermonde Matrices

A Vandermonde matrix has the form [15]

1o o3 o ot
1 vy v3 - vg_l

v=1| . . .- (485)
1 v, v2 - ot

The transpose of V is also said to a Vandermonde matrix. The determinant is
given by [29]
det V = J(vi — v)) (486)
i>j
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10 Functions and Operators

10.1 Functions and Series
10.1.1 Finite Series
X"-DX-D) ' =T+X+X*+ ... + X! (487)

10.1.2 Taylor Expansion of Scalar Function

Consider some scalar function f(x) which takes the vector x as an argument.
This we can Taylor expand around xg

70 2= (x0) + x0) (¢ — x0) + 5 (x — x0) Hxo)(x —x0)  (488)
where 07(x) Pf(x)
g(xo) = ox lIxo H(xo) = Ox0xT |x,

10.1.3 Matrix Functions by Infinite Series

As for analytical functions in one dimension, one can define a matrix function
for square matrices X by an infinite series

(oo}

F(X) =D cn X" (489)

n=0

assuming the limit exists and is finite. If the coefficients ¢, fulfils 3, ¢ 2™ < oo,
then one can prove that the above series exists and is finite, see [1]. Thus for
any analytical function f(x) there exists a corresponding matrix function f(x)
constructed by the Taylor expansion. Using this one can prove the following
results:

1) A matrix A is a zero of its own characteristic polynomium [1]:

p(A\) =detIX—A) =) ¢, A" = p(A)=0 (490)

2) If A is square it holds that [1]
A=UBU'! = f(A)=UfBU! (491)
3) A useful fact when using power series is that
A" — Oforn — oo if |A| <1 (492)
10.1.4 Identity and commutations
It holds for an analytical matrix function f(X) that
f(AB)A = Af(BA) (493)

see B.1.2 for a proof.
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10.1.5 Exponential Matrix Function

In analogy to the ordinary scalar exponential function, one can define exponen-
tial and logarithmic matrix functions:

1 1
eA Z SAT=T+A+ 5A2 .. (494)

DA =1— A + A2 (495)

[y
i
\

=I+tA+ t2A2 (496)

nf

In(I+ A)

)
>
Il

[ M8 |M8 I
\»—
$

A—7A2 7A3—... 4
SA 3 (497)

Some of the properties of the exponential function are [1]

eheB = ATB if AB =BA (498)
(M) = A (499)
%etA = Aef =e™A,  teR (500)
d
aTr(etA) = Tr(Ae#) (501)
det(e®) = T (502)

10.1.6 Trigonometric Functions

| =, (—1)razH S
A) = =A -
sin(A) nz::o 2n+ 1) 3|A + A (503)
oo (_1)n A 2n 1 ) 1 4
A) = -~ =1--A — A% — .. 4
cos(A) nEZO n)! 51 + 1 (504)

10.2 Kronecker and Vec Operator
10.2.1 The Kronecker Product

The Kronecker product of an m X n matrix A and an r X ¢ matrix B, is an
mr X ng matrix, A ® B defined as

A11B A12B AlnB
A21B AQQB AQnB

A®B= , , (505)
AmB A2B .. A,,.B
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The Kronecker product has the following properties (see [19])

A®(B+C)
A®B
A®(B®C)
(aAA (24 OéBB)
(A®B)"
(A®B)(C®D)
(AB)™!
(A®B)"
rank(A ® B)
Tr(A ® B)
det(A ® B)
{eig(A @ B)}
[cig(A © B)}

eig(A ® B)

RN

AB+A®C

B® A in general
(A®B)®C

asap(A ®B)

AT BT

AC®BD

A'@B™!

AT @B*

rank(A)rank(B)

Tr(A)Tr(B) = Tr(Aa ® Ap)
det(A)rank(B) det(B)rank(A)
{eig(B® A)}
{eig(A)eig(B)"}

if A,B are symmetric and square

eig(A) ® eig(B)

if A, B are square

(519)

Where {);} denotes the set of values A;, that is, the values in no particular
order or structure, and A 4 denotes the diagonal matrix with the eigenvalues of

A.

10.2.2 The Vec Operator

The vec-operator applied on a matrix A stacks the columns into a vector, i.e.

for a 2 x 2 matrix

A[An

Aoy

An
Ara | Ax
Aoy } vec(A) = A
Ao

Properties of the vec-operator include (see [19])

= (BT @ A)vec(X)

vec(A) vec(B)

= vec(A) + vec(B)

a - vec(A)

= vec(X)T(B ® ca)vec(X)

See B.1.1 for a proof for Eq. 524.
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10.3 Vector Norms
10.3.1 Examples

Ix[r = D |l (525)
x5 = x"x (526)
1/p
[, = [Zl‘ip] (527)
i
[x|lc = max|z;] (528)

Further reading in e.g. [12, p. 52]

10.4 Matrix Norms
10.4.1 Definitions

A matrix norm is a mapping which fulfils

A = 0 (529)
JA]l = 0&£A=0 (530)
leAll = [dllAll,  ceR (531)
IA+B|[ < [A][+]B]| (532)

10.4.2 Induced Norm or Operator Norm

An induced norm is a matrix norm induced by a vector norm by the following

[[A[| = sup{[|Ax|[ [ [}x|[=1} (533)
where || - || on the left side is the induced matrix norm, while || - || on the right
side denotes the vector norm. For induced norms it holds that

o = 1 (534)

[Ax|| < [[All-[)xll,  forall A,x (535)

I[AB][ < [[A[[-[B]||, forall A,B (536)

10.4.3 Examples

JAl = max LAy (537)

[|All2 = max eig(AH A) (538)

All[, = (||,Ifﬁa§1 | Ax|[,)" /" (539)

IAlle = max Y |Ay) (540)

J
IAlle = D 1Ai|>=/Tr(AAH)  (Frobenius) (541)
j
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[[Allmax = TQ?X|A¢J‘| (542)
[Allkr = |[[sing(A)[ly  (Ky Fan) (543)

where sing(A) is the vector of singular values of the matrix A.

10.4.4 Inequalities

E. H. Rasmussen has in yet unpublished material derived and collected the
following inequalities. They are collected in a table as below, assuming A is an
m X n, and d = rank(A)

[Allmax  [[Alls [|Alle  [IAll2 [[A[lr  ||Aflkr

[ A [max 1 1 1 1 1
[|A]]2 m m vmoymom
Al n n Viovm m
1Al Vmm  Jm ym 1 1
||A]lp Vmnooyn ymo Vd 1
||A||kF mnd  vnd  Vmd d Vd
which are to be read as, e.g.
A2 < vVm - [|Al]oo (544)

10.4.5 Condition Number

The 2-norm of A equals 1/(max(eig(ATA))) [12, p.57]. For a symmetric, pos-
itive definite matrix, this reduces to max(eig(A)) The condition number based
on the 2-norm thus reduces to

IAll2JA 2 = maxeig(A)) max(eig(a ) = ZCERY (55

10.5 Rank
10.5.1 Sylvester’s Inequality

If Aism xn and B isn x r, then

rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)} (546)

10.6 Integral Involving Dirac Delta Functions
Assuming A to be square, then

/ p(s)5(x — As)ds — detl( A7AT (547)

Assuming A to be "underdetermined”, i.e. "tall”, then

/p(s)é(x— As)ds = { Os/det(ATA)p(A"'X) ifx=AATx } (548)

elsewhere

See [9].
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10.7 Miscellaneous

For any A it holds that
rank(A) = rank(A”) = rank(AA”) = rank(AT A) (549)
It holds that

A is positive definite < 3B invertible, such that A = BBT (550)
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A One-dimensional Results

A.1 Gaussian

A.1.1 Density

p(z) = \/2;7 exp <_(1:2—05)2>

A.1.2 Normalization

_(s=w)?
/e 202 dS = \/27TU2

/e—(am2+bm+c)dx _ \/7 Xp|: 4ac:|

—e
/ecsz+c1r+c0dx — - 46260
—402
A.1.3 Derivatives
Ip(x) (z —p)
o p(a)——5—
Olnp(x) _ (z—p)
ou o2
9p(x) 1 [(z—p)?
i Ll e e
opl) _ 1[@-w?
Oo I o2
A.1.4 Completing the Squares
1’ +ex+cy = —a(x — b)2 +w
le 1¢2
—a = p=_-2 -
“ 2 2 C2 4 Co teo

or

1
a1’ + ez +cy = —T‘Q(x —M)Q +d

— -1 c?
n= ﬁ 0'2 = — d =co— it 5
2co 2ca dca

A.1.5 Moments

If the density is expressed by

s — )2
p(z) = \/21r? exp {—(205)} or p(z) = Cexplcaz? + c1)

then the first few basic moments are

(551)

(552)
(553)

(554)

(555)
(556)
(557)

(558)

(559)
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X

{

I

) = £y )
@) = o+ - 2+ ()
2
@) = 30%u+pd = = 13—%
2 2
(%) = p'+6p%0* +30" = (;712) +6(%) (%) +3(i)

and the central moments are

(=) = - 0
(@-p?) = o = [5]

(@-w» =0 =20
(@—ph) = 300 = 35

A kind of pseudo-moments (un-normalized integrals) can easily be derived as

2
/exp(02x2 +cax)x"dr = Z(x") = ,/L exp [ ¢ ] (™) (560)
—C2 —402
(From the un-centralized moments one can derive other entities like
(@2) — (x)? o? T
(@) = (@®)(z) = 20% = Gar
4 _ 2 c
@ -2 = w4 = pip [1-4s]
A.2 One Dimensional Mixture of Gaussians
A.2.1 Density and Normalization
K 2
Pk 1 (s — ) }
s) = exp |[—= 561
b =3 s o505 (561)
A.2.2 Moments
A useful fact of MoG, is that
(@) = ol (562)

where (-)1, denotes average with respect to the k.th component. We can calculate
the first four moments from the densities

_ LI (e —m)?
plz) = Zk:pkm p{ 3 o2 } (563)
plx) = Y pCrexp [craa® + ] (564)

k

as
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@ = Lo = S |5]
i 2
@) = Tiorlod+ ) = T |5h + (5
P . B c 02
@ = TeonBoiutud) = Tim gt [3-5kt]]
i 2 3 2
(@) = Tt +oot+30t) = S| () {(2) glbre
If all the gaussians are centered, i.e. pg = 0 for all &k, then
(zy = 0 = 0
(%) = Xiewoi = Xipw [%}
(%) = 0 = 0
2
@) = Semdol = Timd [k
(From the un-centralized moments one can derive other entities like
(2%) — (z)? = D PEPK (1p + o} — ,uk/w]
<333> - <332><33> = Zk:,k:’ PkPE! [3‘71%,1% + ,Uk; (Uk + Hk)ﬂ«k'}
(z) — (2?)? = Y PEPk (1) + Ouiof 4 30} — (oF + up)(of + )]

A.2.3 Derivatives

Defining p(s) = >, peNs(pk, 07) we get for a parameter 6; of the j.th compo-

nent ) )
Olnp(s)  piNs(uj,03)  Oln(piNs(uj,07))

_ 565
00 >k PN (ks 07) 09 o
that is,
N (i, 02
omp(s) _ piNalu %)2 1 (566)
0p; >k PeNs (s, 03) pj
olp(s) _ PNy, 0f) (s — ) (567)
auj Zk pst(Nkal%) 0J2'
N (i, 02 — )2
olp(s) _ piNslwy %)2 ERIC é‘J) 1 (568)
Jo; Zk pst(Mkak) gj g;

Note that pr must be constrained to be proper ratios. Defining the ratios by
p; =€"/>, e, we obtain

0 lnp dlnp(s 8pg ap
h gPr _ _ .
Zl: oo or; where o, = pi(01; — pj) (569)

B Proofs and Detalils

B.1 Misc Proofs
B.1.1 Proof of Equation 524

The following proof is work of Florian Roemer. Note the the vectors and ma-
trices below can be complex and the notation X% is used for transpose and
conjugated, while XT is only transpose of the complex matrix.
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Define the row vector y = a?XB and the column vector z = X c. Then
a’XBX%c=yz=12z"y"
Note that y can be rewritten as vec(y)? which is the same as
vec(conj(y))¥ = vec(a” conj(X)conj(B))

where ”conj” means complex conjugated. Applying the vec rule for linear forms
Eq 520, we get

y = (B @ aTvec(conj(X)) = vec(X)T (B @ conj(a))

where we have also used the rule for transpose of Kronecker products. For yT
this yields (BT @ aff)vec(X). Similarly we can rewrite z which is the same as
vec(zT) = vec(cTconj(X)). Applying again Eq 520, we get

z = (I® c)vec(conj(X))

where I is the identity matrix. For z” we obtain vec(X)(I ® ¢). Finally, the
original expression is z7y” which now takes the form

vee(X)H (I® c)(BT @ a)vec(X)

the final step is to apply the rule for products of Kronecker products and by
that combine the Kronecker products. This gives

vec(X)? (BT @ cal )vec(X)

which is the desired result.

B.1.2 Proof of Equation 493

For any analytical function f(X) of a matrix argument X, it holds that

f(AB)A = (icn(AB)”>A

n=0
o0

= ) c.(AB)"A

n=0

= i cnA(BA)"
n=0

= A i en(BA)"

n=0

= Af(BA)

B.1.3 Proof of Equation 91

Essentially we need to calculate
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O(X") 0
0Xi; 0X,; u Zu » kour Sun,us n—1,l

= 5k»i5u1»jXU1,u2 "'Xun—l-,l
+Xk,u1 5u1 ,i(suz ,j"'Xunfl )0

+Xk,u1Xu1 U2 "'6un—17i517j
n—1

= D (XX,
r=0

n—1

— Z(XTJinn—l—r)kl
r=0

Using the properties of the single entry matrix found in Sec. 9.7.4, the result
follows easily.

B.1.4 Details on Eq. 571

9 det(X” AX)

det(X? AX)Tr[(X7 AX)~19(XH AX)]

det(XTAX)Tr[(XTAX) 1 (9(XT)AX + XTH(AX))]

= det(X"AX) (Tr[(X7"AX)o(X7)AX]
+Tr[(XTAX) ' XT9(AX)))

det(X7AX) (Tr[AX (X7 AX) L o(X™)]
+Te[(XPAX) ' XTAG(X)])

First, the derivative is found with respect to the real part of X

0 deté}ag;AX) det(X AX) (Tr[AX(XHa ;ﬁ)—la(xff)]
Tr[(X7AX) X7 A9(X)] )
ORX

det(X7TAX) (AX(X"AX) ™! + (XHAX)IXTA)T)

Through the calculations, (100) and (240) were used. In addition, by use of
(241), the derivative is found with respect to the imaginary part of X

Z,adet(xHAX) —de(x! AX)(Tr[AX(XHAX)—la(XH)]
93X 93X
+Tr[(XHAX)_1XHA8(X)]

ERY
= det(X7TAX)(AX(X7AX) " — (XTAX)'XTA)T)
Hence, derivative yields
ddet(X" AX) 1 (6det(XHAX) B inet(XHAX))
oX 2 ORX FRY
= det(XTAX)((XTAX) X A)T
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and the complex conjugate derivative yields

ddet(X"AX) 1 (6det(XHAX) inet(XHAX))
oX* 2 ORX 03X
= det(X7AX)AX(XTAX)™!

Notice, for real X, A, the sum of (249) and (250) is reduced to (54).
Similar calculations yield

ddet(XAX") 1 (8det(XAXH) B ,8det(XAXH))
aX T2 IRX TTTasX
—  det(XAXT)(AXT (xAXT)" )T (570)
and
ddet(XAX") 1 (8det(XAXH) N .8det(XAXH))
X" T2 IRX TTTasX
= det(XAX?)(XAXH)"1XA (571)
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