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Abstract

In this paper, we consider a network in which sessions with long-tailed session
lengths arrive as Poisson processes. In particular, we assume that a session of type
n transmits 7, cells per unit time and lasts for a random time 7,, with a generalized
Pareto distribution given by IP(7, > x) ~ apz~146n) for large x, where ay,, G, > 0.
The network is assumed to be loop-free with respect to source-destination routes. We
characterize the order asymptotics of the complementary buffer occupancy distribu-
tion at each node in terms of the input characteristics of the sessions. In particular,
we show that the distributions obey a power law whose exponent can be calculated
via solving a fixed point and deterministic knapsack problem. The paper concludes
with some canonical examples.

1 Introduction

Long range dependence and self similarity of network traffic have been demon-
strated consistently in many studies, starting with the work of Leland et. al.
[1]. There are many explanations for the presence of long-range dependence in
network traffic. One explanation is that such effects arise due to the presence
of sessions (traffic activity) with long duration. A detailed statistical analy-
sis of such sessions suggests that they are well modelled by ON-OFF type of
processes where the ON periods, of random duration, have a tail distribution
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which decays according to a long tailed distribution. Different definitions are
used in the literature for long and heavy tails. Here we assume that a r.v. X
is long-tailed if P{X > x} ~ const. =% with 3 > 0. If 3 € (0,2], then X
is said to heavy-tailed and thus it has infinite variance. When many indepen-
dent such sessions arrive randomly, the aggregated input process is long range
dependent.

The performance of networks and their ability to offer Quality of Service (QoS)
depend on accurately capturing the parametric dependence of the QoS mea-
sures such as the delay or loss distributions. While calculating these distribu-
tions exactly is intractable, the asymptotics of the tail distribution are much
more manageable. The stringent QoS requirements in terms of the tail of the
delay distribution or the packet loss probabilities means that the asymptotic
regime is quite appropriate to analyze.

Numerous studies have shown that the presence of self-similar traffic forces
us to change the way the buffer dimensioning is done in that much more
buffering is necessary to achieve similar buffer overflow characteristics than
with conventional or short-range dependent traffic. Indeed, the way buffer
overflows occur can be very different. This is essentially due to the way that
large excursions of the buffer workload take place. For conventional traffic
models, the tail of the stationary workload distribution is exponential while for
long range dependent traffic, it has an asymptotic long-tail or sub-exponential
decay.

There are many results available for buffer asymptotics of a single node with
long-tailed and sub-exponential inputs. These have been obtained under dif-
ferent hypotheses. These hypotheses relate to conditions on the session length
distribution decay rates, session transmission rates and models for session ar-
rivals. All results deal with stationary queues where the average rate is less
than capacity. The vast majority of results for FIFO systems are for source
transmission rates being identical, referred to as the homogeneous case. These
can be found in [2-7], for example. An excellent survey for the homogeneous
case when sources are identical can be found in [8]. It has however been shown
in [9] that assuming the same transmission rates can lead to erroneous conclu-
sions on the asymptotic behavior of the tail distribution of the buffer length
when the inputs have long-tailed session lengths. This was obtained for the
so-called M /G /oo model where sessions arrive according to a Poisson process,
transmit at different rates and have differing long-tailed random session hold-
ing times. Similar results, but for a fixed number of ON-OFF sources have
also been obtained in [10].

The extension of above results to a general network is quite difficult since the
traffic loses its simple parametric structure after passing through its entrance
node. Networks with exponentially distributed service times were considered



in [11] and [12]. In [13], the author considers the large deviations problem for
feedforward networks in heavy traffic. The papers were basically concerned
with the computation of the rate functions associated with the tail distri-
butions of the buffer occupancy. This is a difficult variational problem. In
general, when the input and output rate functions in queues have so-called
“linear geodesics” an end-to-end analysis is feasible by an iterative procedure.
In [14,15] it is shown that in queues with many inputs the linear geodesic

property does not hold and thus calculating the rate functions of the outputs
is difficult.

There are very few results available for networks with long-tailed service times.
In [16], the authors consider the (max, plus) setting and derive asymptotics of
the distributions of total response times for networks which include tandem
queues. In [17], a feedforward network is analyzed when a node with sub-
exponential service time has upstream nodes with lighter tailed service times.

In this paper, we consider a network with fixed loop-free routing in which
sessions arrive independently as Poisson processes and transmit during their
session duration at a fixed rate. The session durations are assumed to be
long-tailed, having an asymptotic power law or generalized Pareto decay. The
sessions are assumed to be heterogeneous, i.e., have different session distribu-
tions and differing transmission rates. This is gives rise to an M/G /oo type
of model for the inputs. Although the path for a single end-to-end route is
loop free, the interaction between the flows in the network means that the
independence between flows does not hold within the network. We obtain the
O-asymptotics (i.e. we identify the asymptotic power law decay) for the buffer
occupancies at each node. The utility of this result is that we can identify the
sources that are most problematic and also obtain rough estimates for the loss
and delay distributions.

For the single node case, exact asymptotics of buffer occupancy and loss in
obtained in [9] also showed that these asymptotics are not only governed by
the tail distribution of sources but also depend on their rates. As we will
show, this dependence is valid also in a general loop-free network. Due to
the correlations of traffic inside the network, transmission rates and average
loads are modified during large buffer exceedance times. Furthermore, since
we do not assume that the network is feedforward, these “modified” rates
are obtained as the fixed point solution of a network equation. It is difficult
to improve these results (e.g. obtain exact asymptotics) since the Poisson
arrival structure and independence of sessions are lost for the traffic inside the
network.

The organization of this paper is as follows: In Section 2, we formulate the
model and present the preliminaries. Section 3 contains the main result with
the proofs. An example of a two node network is considered in Section 4. In



Section 5 we give a discussion of results and concluding remarks.

2 Model and Preliminaries

We consider a discrete time fluid FIFO model where traffic arrivals and services
take place in slots indexed by t € Z with the convention that arrivals take
place at the beginning of a slot and services are completed at the end of the
slot. This can be seen as corresponding to a situation in continuous time where
arriving traffic coming in (7,7 4+ 1] are all served at time i + 1. We refer to ¢ as
the time instant in the discrete-time model. There is a finite set N of traffic
types (classes) with N = card(N') which are differentiated according to their
transmission rates and their session lengths and different classes are assumed
to be mutually independent. Session requests for type n € N arrive randomly
according to a Poisson process with rate \,. Let 6}' be the number of sessions
of class n arriving at time ¢. We assume that 0} are i.i.d. and

o
P{0} =k} =e" "k—’:

A session of class n then transmits at the rate r, for a duration 7,, which is
assumed to have a long-tailed distribution. Let 7;"; denote the session length
of the j’th session of class n arriving at time ¢. The r.v.’s 7/; are assumed to
be i.i.d. and satisfy

Y B Y S

where a,, f, > 0 and A(x) ~ B(z) means that lim, % = 1. Also A(z) =<
(=)B(z) means A(x) < (>) ~ B(x), i.e., the inequalities are in an asymptotic
sense. This model is a generalization of the M /G /oo model proposed by Cox

18|, which we refer to as the 00)™ model and is depicted in Fig. 1.
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Fig. 1. Model of arriving sessions



The network is composed of M nodes (see Fig. 2 below). It is assumed that
the packets from the sessions are admitted into an infinite buffer and the
buffer is served at a rate of (), per unit time for node m = 1,..., M. Type
n € N traffic has a fixed route without any loops and its path is represented
by the vector 7" = [7??, o wﬁl} where 7" € {1,..., M}. Hence type n traffic
traverses the nodes by entering the network at node n{ and leaving after node
7. and m # 77 for i # j. For each node m, define the set of traffic types
which pass through node m by N, = {n: 7' =m, 1 <i<I,}.
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Fig. 2. A typical network considered in this paper

Let X' be the input process of class n at time ¢. Then,

n
oo O

Xi =222 ralirn sy

i=t j=1

Average (mean) load of class n is p, = \,r,IE[7,] and it is assumed that

Y <Cn
neNm

and hence all the queues in the network are stable since the network is loop-
free for all classes of flows. Under this condition, by Loynes’ theorem [19],
there exists a stationary version of the workload at node m, denoted by W;™.

We will divide an input process X}* into two processes XE X a8 follows:
The process X{' L is formed by active sessions which have session lengths at
most ez (will be referred as “short” sessions in the context) and given by

t—ez 9?

Xt =3 D Tal{easn >i-i) (1)

i=t j=1



The process X' i composed of sessions with lengths greater than ez (will
be referred as “long” sessions in the sequel) and given by

n
oo O

X?’H = Z Z Tn].{fg!‘j>sz,7'i’fj>t*i} (2)

i=t j=1

As it can be seen from the definition, the processes X% X/ are mutually
independent and X} = X' Ly X/ ' The superscript "H’ indicates that the
input is strictly “long”. We will refer to X™% and X™# as short and long
processes in the context. As z — 0o, we have EX;"" — EX/ and EX;"" — 0.
Despite the fact that EX/" — 0 as z — oo, the process X/ will contribute
significantly to the large buffer occupancy probability.

We also define X!, (Y},) to be the input (output) rate of class m traffic at node
k and time t. For any process Z with rate Z; at time ¢, the cumulative process in
the time interval (1, to] will be denoted by Z(t1,t2), i.e., Z(t1,t2) = Z?:tlﬂ Zy.
We also need the following definitions for the statement of the main result.
Let J € Zf . In the sequel, J will correspond to the combination of long
(longer than ez) sessions, i.e., there are J, long sessions of class n. If the
transmission rates of active long sessions at a time exceeds the difference
of total capacity and average load, some scaling would occur. This happens
because the service capacity will be shared among all these active sessions
according to the FIFO scheduling. In particular, mean load of short sessions
(which goes to the average workload as z — 00) and the transmission rates of
long sessions would change at the output. To determine the scaling effect, we
first define p™(m) = m/ for n € Ny, if 7 = m and 7, = m/; i.e. 7(m) is the
upstream node of node m for class n. Take p™(m) = 0 if m = 7. We define
the transmission rate and mean of class n traffic entering node m as follows:

0 n &N,
=1 p"(m) =0 (3)
TZ’;{m)Sb]"(m) otherwise
and
0 n &N,
P’ =14 pn p"(m) =0 (4)

pgh{m) Si,]n(m) otherwise
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Here 77 (p™7) represent the transmission rate and average load of class n
traffic as it enters node m. Note that the output traffic is no longer M/G /oo
and the meaning of these definitions in relation to the ones of external flows
should be interpreted heuristically. The function S7 measures the scaling of
sources for the output transmission when input rates of long sessions exceed
the difference between output capacity and total average loads at node m.
Note that S7 is equal to the identity function if this does not happen.

Lemma 1 For every J € Zf, equations (3) and (4) are well defined, i.e.,
there exist unique solutions v’ and p”7 satisfying these equations. Further-
more, for fized J, v’ and p%’ are continuous in parameters r, and p,.

We now define the following for future usage:

RJ = ZnE/\/ Jnrm Rgm = ZnGNm Jnr?rij
P = Ene./\/' Pns prJn = EnENm pg{J
K1 = Snen Inbn, JI=argming{x;: R, > C,, — p%7}

Bmin = minnGN ﬁny Tmaz = MaXpeN Tn
The results below, taken from [9], provide bounds for deviations of a short
process from its average rate.

Lemma 2 For any n € N and sufficiently small 6; > 0, 63 > 0 and suffi-
ciently large z

P {gg{xw(—t, 0) = (pm — 61)t} < —522} < 00

Lemma 3 For anyn € N and 63 > 0,6, > 0,¢; > 0 and
0 *
0< 6min{ﬁ,mini 5 } where ﬁz* =06;,0< 6; <1 and ﬁz* = %75 >1,4f

2cir;

z is sufficiently large, then uniformly over all 5y > 09

t>0

P {sup{X”’L(—t, 0) > t(pm +61)} > 522} < Flmad

where 6y = 8y — (pm + 61)e > 0.



3 Main Result and Proofs

Our goal is to obtain the O-asymptotics for the probability that the buffer
content at node m exceeds a large value z. We will use f(z) = O(g(2)) to
mean 0 < liminf, . f(2)/g9(z) < limsup,_ . f(2)/g(z) < oo. The buffer
of node m will reach a large value z if there are enough long sessions which
contribute to this. During this time, short sessions show average behavior, i.e.,
produce traffic around their mean load. Thus, short processes can be replaced
with constant processes in the asymptotic regime without causing a significant
change at large occupancy levels of buffers.

We first review the single node result (M = 1) from [9] where exact buffer
asymptotics was obtained. A form of their result, sufficient for our purposes
in this paper, is

P(W] > 2) =sup( Y X™(0,t) — Cit) = O(z " 75) (6)

>0 e

It is also shown that the most likely large buffer occupancy is generated by a
busy period when J} long sessions are active during this busy period. If there
is only a single type of flow (card(N') = 1), then J3 = [(C; — p1)/r1]. Hence,
unless ;> C} — py, the buffer length decay rate, x g1, depends not only on
the decay rates (,,’s but also on the transmission rates r,,’s.

For the general network case, we will first find an upper bound for the buffer
asymptotics. To this end, a short process of type n as it enters the network
will be replaced with a constant process p, + 0 (p, — 0) for small enough
d>0ifneN, (n € N,). Then we will show that the busy period where
buffer reaches z is created by combination of long sessions (J) which satisfy
RJ > C,,—p™’. Note that the scaling defined before Lemma 1 will take place
at a node if long sessions have a total rate more than the difference of output
capacity and average input load at this node. This scaling causes a long session
becoming longer at the output with a smaller transmission rate. Therefore we
will consider a process which is obtained from the long process by shifting a
session by the buffer occupancy at their arrival times and lengthening it by
an amount proportional to the total traffic arriving during the lifetime of this
session. The shifting is done to determine when the considered long session
will be present at the downstream nodes. The scaling will allow us to bound
the time when the service of this session finishes at the considered node. It
will be shown that the probability that this new process has J active sessions
at t = 0 is O(z7*7). Furthermore, the case R} > C,, — pJ will dominate
the other combinations in probability when the buffer occupancy at node m
is greater than z. The optimal (asymptotically most likely) such combination
was defined as J* corresponding to a probability of O(z~"8") and this will



give the upper bound.

The lower bound part is relatively easier. We assume that the J§* long sessions
arrive in (—kz, k(1 — a)z) where 0 < o < 1 is small and k£ > 0 is later chosen
big enough. This event has a probability of O(z~"’8"). From the upper bound
part, the probability that a buffer has a level greater than 6,z at time (—kz—1)
is 277 for some v > 0. For small enough ¢;, the contribution of buffer contents
at time (—kz — 1) to the buffer content of node m at ¢t = 0 will be less than
09z for small 05 > 0. Short sessions are again replaced with constant processes
but this time with p, — 0 if n € N, and p, + ¢ if n¢ N,,. Then we show that
this combination would produce enough traffic to make the buffer at node m
bigger than z.

Now we state the main result of the paper:
Theorem 4 (Buffer asymptotics in networks with fixed routes)

Assume R, # C,,—p. for all J,m and J* is unique. Let W™ be the stationary
workload of node m at time t. Then as z — o0,

P(W" > z) = O(z ™)

PROOF.
Upper bound:

The main idea is to show that if buffer occupancy at time ¢t = 0 for node m
reaches a large value of z, then there must have been enough number of long
sessions contributing to this. Consider a long session of type n at time ¢ with
length 7", > ez for j = 1,..., 6. Define SZZ’-O =t and if node my is successor
of node m; for type n flow, define S{'/"* = S{’™ + Wngm/C'mg. If my has
no predecessor, set m; = 0. Note that a long session of’]type n arriving to
the network at time ¢ starts being served at node m at time S}’ Jm Consider
a fictional queue with infinite buffer and service capacity €; which serves the
long sessions arriving at node m. Let S;'j" be the time when the service of the
long session considered ends at this fictional queue. Also define

oo O
gr=> Y Dypm, AL ={S" <0,8" > 0,7, > ez}

t=—1j=1

Let ™ = (&"). We claim that

P(E™=J)=0(z") (7)



Then we will write

P(W" > 2) <P(R, > Cp — piy ) + PWS" > 2, Ry < Cy — p5,))

For the first term of right side,
P(R, > Cn— )= > P(E"=J Ry, > Co— py)
Jell

¢ From equation (7) and definition of JJ",

P(R;, > Cn = pf, ) = O(z 8

We will then show that

P(W" > 2, RS < Cy— p5) = o(z7 ") (8)

and this will complete the proof of the upper bound.

Let us prove claim (7) now. Define X; =3, c s X} First, for any d > 0, there
exists K > 0 such that

P(X(t,t+7)> K1) < o(r77) (9)
as T — 00. Indeed, consider a queue with capacity K — 1 > p with input X,
and let W/ be its stationary buffer content. Then by using (6), we get

P(X(t,t+7)> K1) =P(X(-7,0) > K7) <P(Wj > 7) =0(7""%)
where Jy = argmin;{s; : R/ > K — 1 — p}. Define |J| = ¥,cpr Jn- But

Ko/ Bmin > |Jo| and |Jy| > %. Thus we can choose K such that x,, > d,
proving (9).

Now define

AP = (S5 < 0,51 > 0,70 > ez, 57 — i W < (eK)M ()}

where ¢ > 1/CYy for all k and ¢ > 1/e;. Here cK will be the scaling (length-
ening) factor that a long session will experience while going through a node
where K is determined by the amount of traffic arriving during its transmis-
sion. Also define é;" =3, Z?;l I s By using (9), we conclude

P(E" = J) ~P(E" = J) (10)

10



Let D = (cK)M + 1. Define W; = (W}, ..., WM). Then

PE"=J)= > > PW, =uwzclz|+Dr > —t;, 7" > ez,

M| _y e g1

z€RY i

i=1, I €NV Tinmny = Jo)

Above, © = (z1,...,2)y) where z; € RY. Now note that W,, and 7" are
independent since W, is determined by arrivals before ¢;. It is easy to see that

> P(x+ D> —t, 7" >ez) = 0(z")

—teZy

Furthermore since W, is stationary, IP(W,, = x;) = IP(W;, = ;) where
t; = t; — min, t;. Therefore,

PE"=J)= 3 > PW;=2)0(=")=0(=")

M|J| [J]
acER+ —t€Z+

Now we will prove equality (8). Consider the system where all the buffers are
empty at time —7" and let Wy, = (WTlvt, cee W%) be the buffer occupancy
(workload) at time ¢ for this system. It is known that W, — W; a.s. as
T — oo. Therefore we will first show that equality (8) holds when W{" is
replaced by W77, and then take the limit 7" — oo.

Let us investigate the total arrival traffic to node m in the time interval (=T, 0)
assuming that all the queues are empty at —7" and RS < C,, — p5. . Choose
g1 > 0 such that 2¢; > C,, — max{R;, + pJ, : R +pl < C,}. If a long
session is not in AZ’J-m, then it had been served before t = 0 in the fictional
queue defined above. Consider another queue with capacity C,, — e; which
serves all of the remaining traffic. Note that the buffer content of this queue
at t = 0 is bigger than W7}, provided that RS < Cy, — p5,".

Now we assume that the long sessions in A}'j" are active in (—7,0) all the
time and the remaining long sessions of other classes are removed. Note that
this does not decrease the buffer content at node m. More generally, replacing
flows accessing node m by pathwise larger ones and other flows by smaller
ones does not decrease the buffer content at node m. This can be seen by a
sample path argument. If all the queues are empty at ¢t = —1, then from the
arguments in Lemma 1, the claim will hold at ¢ = 0 and an induction on ¢
will complete the proof. Under the above assumption, let Wfl?o be the buffer
content of the queue with capacity C,, — ;. Then,

POVE, > 2 B < G ) < POV > 2. B < Com )

11



Define D, = {RS" < C,, — p5 ,£™ sessions are active in (=7,0)}. Also let
Xm = Ynen,, X, be the total cumulative input to node m. Now assume that

P(sup XP(=T,—t) — (" + pit" 4+ &) (T —t) > €22, Dp) < 27 (11)

0<t<T

and

P(inf Xp(=T,—t) — (rp®" + ppt" —e)(T — 1) < —£92,Dy,) < 274(12)

0<t<T

for any d > 0. Note that this is true for k£ = 7. Indeed, if D,, holds, then the
long processes are constant (= ¢ ) in (=T, 0) for type n flow. Furthermore,
from Lemmas 2 and 3, a short process X™* differs from the constant processes
pn — 6 and p,, + & with probability o(z~?). for any § > 0. Here d can be chosen
arbitrarily big. Then,

" 4 pree™

P( sup Y'(-T,t) — oL +e)(T'—1t) > e22,Dypy,
(OStIET k ( ) (max(ck, R% + pfm) 1)( ) 2 )

<TP(sup XP(=T,—t) — (1" + pp*" + e5)(T —t) > e42, D)+
0<t<T

S© P(inf X{(=T,—t) — (" + bt — &) (T —t) — €42, D)
. } 0<t<T
JENK,j#n

< o(z™7)

We will choose €3 = e1/card(Ny) and g4 = (g9 — M6y)/card(Ny). Above we
used the fact that the output of node k in the interval (=T, —t] is equal to
the arrival in an interval (—T,t]. Note that the time being discrete is not
a problem here since there is an €52 term and z is taken to be large. Same
argument can be used to show that

o

P( inf Y/ (-T,—t) — fm
(,Inf_Y3'( ) (maX(Ck,an s

0<t<

—e)(T —t) < —e22,Dy,)

< o(z™%)

;From Lemma 1, the equations (11) and (12) should hold for all n, k. This can
be more formally shown by considering the values

a(n, k) =

0<t<T

1 m m
lim ——log {]P( sup X (=T, —t) — (rp*" + pp¥" 4+ e))(T —t) > gQZ,Dm)}
zZ—00 ng

12



and defining similarly a(n, k) when sup is replaced with inf. These expressions
evaluate to oo when k£ = 7}". Above arguments show that it is also true for all
n, k at the outputs assuming it for the inputs. Thus a(n, k) = a(n, k) = oo is
a fixed point solution of these relations as given in Lemma 1. Since there can
only be one solution, we conclude that the equation (11) is valid for all n, k.
Thus for the input to node m, we have

IP(supgy<p Xm(—t,0) — (RS + oS, + 1)t > €22, D)
< P(Xp(=T,0) — (RS, + 08, +e1)T > 0.5e92, D)

+ P(infocicr X (=T, t) — (RS + 05, +21)(T — t) < —0.5e22,D,y,)
= o(z7)

Jo"

for any d > 0. Remember that pm™® and rm’®" are continuous functions of

Pr, Tr's. Then,
P(Wiy > 2, RS, < Cp—pfy Ty <T)

<TP(sup X,n(—t,0) — (RS + 05 +e1)t > 92, Dp) < 0(279)
0<t<T

and finally by taking T" — oo, we get

P(W" > 2, RS < C,,—p5 Ty < T) <oz ™).

Lower bound:

Let A7 (x, ) be the event that exactly J long sessions start in (—x, —(1 —a)x]
and still active at t = 0 where 0 < o < 1. First note that, for every class n, the
number of such sessions is a Poisson r.v. with parameter Zt_:(l,;i)f AP (7, >
—t) which is O(z7%"). ;From the independence of classes, it is easy to see that
P(A7 (2, a)) ~ O(x™*7). We will now show that

P(A7 (z,0)) < P(WJ" > 2)

for some v > 0 and x = bz with b > 0. First, from the upper bound proof,

P(WF > 62)=20(:=") (13)

for some v > 0 and any k = 1,..., M. Note that {W* > ¢,z} and A% (z, )
are independent because W is determined by sessions which arrived before

13



—x + 1. Now define the following two events:

By = {there are active long sessions at time ¢t = —x}

By = {a long session other than J{* arrives between ¢t = —z and ¢ = 0}

Arrival process of long sessions is also Poisson with rate A\, IP(7,,, > €z). Since
the arrivals at different times are independent, it is easy to see that

IP(B,| A% (x,a)) < O(2z7Pmin) and P(By|A%" (2, ) < O(xz™Pmin=h),

These and equation (13) give

P(A%" (2, 0)) ~ P(A7" (2, a), By, By, WF_ < 612,Vk =1,..., M) (14)
where By, B, are complements of By, B,. In other words, we can assume that
all the buffers are almost empty at t = —x regarding their contribution to

a buffer level exceeding z at ¢ = 0 and the only active long sessions during
(—x,0) are the ones of JJ*. Let

A = {AJSH(I7OZ),Bl7BQ,WEI < 01z,Vk=1,.. ,M}

Let T'= (1 — a)z. Now assume that

P( sup  XP(—ts, —t1) — (170 + o070 £ o)t — 1)) > €22, Ap) < 271
0<t1<t2<T
and
. ng_ _ RN n,Jg' B B < —d
P(osfgtfggTX’“( t2, —t1) = (™" +py e)ta —t1) < —e22, Ap) 2 2

for any d > 0,e,e5 > 0. Note that this is true when k£ = #{". Indeed, if A,,
holds, then the long processes are constant (= rZ’Jgn) in (=7,0) for type n
flow. Furthermore, from Lemmas 2 and 3, a short process X™ differs from
the constant processes p, —d and p,, +d with probability o(z=¢). for any 6 > 0.

Here_J can be chosen arbitrarily big and since T' = (1 — «)bz, we can take
d < d—1. Then,

rn,Jgn + n,Jit
P( sup Y (—ta, —t1) — ( et — th) > Ea2, Ay
0<t1<t2<T max(Cy, Rnd + pnd )
<IP( sup Xp(—to,—t1) — (TZ’J‘T + pZ’Jgn +e3)(ty — 1) > 42, A+
0<t1<t2<T
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. ; j, Jm jJm
2 IP(O<t12tf <T Xi(—ta,—t1) = (" + 9" —es)(ts — t1) — €42, Ap)
jeNkvj#n ==tz

< o(z™7)

We will choose e3 = &1/card(Ny) and €4 = (9 — M0dy)/card(Ny). Above, we
used the fact that the output of node k in the interval (—t», —t1] is equal to
the arrival in an interval (—t}, ¢;]. Note that the error induced here due to the
discreteness of time is not a problem since there is an €52 term and z is taken
to be large. Same argument can be used to show that

TnJ6”+pn,J6”
P( inf Y7 (—ty,—t;) — mY A mT V) < e A
(OgtllrgthST ¢ () (maX(C’k-I—R?{? +Pig) 1)~ h) £2:An)

< o(z™%)

Then by using Lemma 1 as was done in the upper bound part, we conclude

P (X, (=T, 0) — (B + pi¢ —e)T < —e92 — aT(R' + p? + 1), Ap)

< o(z77)

for any d > 0. Then

> ]P((R;{?m o —e - 83)T > Crp + (1 + 2)z, Ap) + 0(27)
= P(AY (z, a))

For the last inequality, we used R}],?m + p,{é)m > (C,, and chose «, 1,9 small
enough and b large enough so that

1—52
b

(RS +ppf )1 —a) > O +

Combining above with equation (14) gives
P(W" > 2) = P(A7 (z,a)) ~ Oz ™"
O

Remark 5 The uniqueness of JJ* was assumed for convenience and is not
necessary. Thus the results and proofs still hold when there are many optimal
configuration of long sessions.
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Remark 6 If there are input flows to the network with light tailed session
lengths such that lim, ., logIP(7 > z)/logx = —o0, then they can be ignored
in calculating the buffer asymptotics. Such an input can be replaced with a
Pareto tailed version with arbitrarily large rate 3 without decreasing the prob-
ability of large buffer occupancies. Therefore, in determining Ji*, none of these
mputs need to be considered.

Remark 7 If the session lengths are reqularly varying (i.e. lim, . P(7, >
tx)/IP(r, > z) =t~ for 8, > 0), it can be shown that the buffer occu-
pancy distributions are also reqularly varying with the parameters as found in
the main result.

We can also find the joint distribution of buffer asymptotics. We only state
the result since the proof follows mutatis mutandis as above.

Corollary 8 Let S C {1,...,M} and a,, > 0,m € S. Then as z — oo,

P(W" > apmz,m € S) ~ O(z7"5)

where ks = max{rm | m € S}

4 Examples

In order to illustrate the results, in particular how the rates r™/ p%7/ are

determined, we consider two examples of a simple network with two nodes. The
first example is a feedforward network while the second example is a network
where individual routes have no loops but the network is not feedforward.

Example 1: There are three classes of traffic, one of which uses resources from
both nodes. The schema is illustrated in the figure below.

X1

Eﬂ . ﬁi@ c,

Node 1 Node 2

X2

X3

Fig. 3. Two node feedforward network
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Now we calculate the large buffer asymptotics at the second node. First,

1,J 2,J roC1 3,J
LR O’ T2 = max(Jir1+Jare+p1+p2,C1)° e =73
17‘] J— 27‘] — PQCl 37‘] J—
py" =0, py" = max(Ji1r1+J2ra+p1+p2,C1)’ P2 =P3
and thus

3 J. C
Jg = arg }Illf%{z Jzﬁz . ( 22 + p2) ! + J37“3 + pP3 > 02}
€

2 m=1 max(C1, Jir1 + Jora 4 p1 + p2)

In special cases, JZ can be obtained easily. For example, if classes 2 and 3
have the same transmission and decay rates (ro = 73,32 = [33), then J§ =
(0,0, f@%;_pﬂ) This is because class 1 sessions do not contribute to the
buffer occupancy at node 2 and we can take all the long sessions to be of class
3.

Ezxample 2: In this example, we consider a non-feedforward network with two
nodes and two types of traffic as illustrated in Fig. 4.

X1 C,

s s

i Node 1 X2 Node 2 >

Fig. 4. Two node non-feedforward network

Then we obtain the following:

ry” =i /max(iry + Jory? + py 4 77 Ch), 5T =,
ri? = royfmax(Jiry” + Jors + po + py7 Co), T =y,
py” = pr/max(Jiry + Tt + p1 4 i, Ch), p3” = pa,
pr”? = pafmax(Jiry” + Jora + pa + py”, Co), p1? = pu,
Hence
3
Kz = min{ > J;5 :J € Q1 U} (15)

m=1
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where

le{JEZi:J17’1+p1+%<C’1,J17’1+p1+J27“2+p2>C'2}

QQ = {J c Zi s Jirs + p1+ ﬂ(JQTQ + pg) > Cl, CK(J17°1 + p1) + Jorg + P2 > 02}

Here o = Cy /(Jir1 4+ p1 + B(Jara+ p2)) and 5 = Co/(a(J1r1 + p1) + Jora + p2).
Note that €2y corresponds to the situation where large happens only at the
second node and €2, is where it happens at both nodes. In finding the optimal
point in equation (15), we need to check whether a combination (Ji,.Js) is
inside €2y or §2,. For €1, this is easy. For (), first @ and ( are algebraically
or numerically solved and then substituted to the constraint in the definition
of Q. If classes 1 and 2 have the same transmission and decay rates (r; =
re, 01 = [32), then it can be seen that it is enough to carry out the above
calculations assuming only the long sessions of class 2. In addition, if C; > C5,
then J2 = (0, (%;21’—’"’—21) since now the most likely large buffer occupancy at
the second node will happen without one at the first node.

5 Conclusion

In this paper, we have considered a loop-free network under the discrete-time
heterogeneous (M /G /oo)™ model with long-tailed Pareto sessions. We have
shown that the buffer occupancy is also Pareto and determined its parameters.
The continuous-time case can be readily treated with slight changes in the
technical details of the proofs. On the other hand, it seems difficult to obtain
finer asymptotics, i.e. determining the prefactor constants because we can not
parametrically model the traffic inside the network. We believe that the O-
asymptotics will hold for more general session arrival distributions provided
the session arrivals to the network are independent.

References

[1] W. E. Leland, M. S. Taqqu, W. Willinger, D. V. Wilson, On the self-similar
nature of Ethernet traffic (extended version), IEEE/ACM Trans. on Networking
2 (1) (1994) 1-15.

[2] N. G. Duffield, N. O’Connell, Large deviations and overflow probabilities for the
general single-server queue, with applications, Math. Proc. Cambridge Philos.
Soc. 118 (2) (1995) 363-374.

18



3] P. R. Jelenkovic, A. A. Lazar, Asymptotic results for multiplexing
subexponential on-off sources, Advances in Applied Probability 31 (1999) 394—
421.

[4] Z. Liu, P. Nain, D. Towsley, Z.-L. Zhang, Asymptotic behavior of a multiplexer
fed by long-range dependent process, Journal of Applied Probability 36 (1)
(1999) 105-118.

[5] D. Heath, S. Resnick, G. Samorodnitsky, Heavy tails and long-range dependence
in on/off processes and associated fluid models, Mathematics of Operations
Research 23 (1998) 145-165.

[6] M. Parulekar, A. M. Makowski, Tail probabilities for M /G /oo input processes,
Queueing Systems 27 (1997) 271-296.

[7] T. Rolski, S. Schlegel, V. Schmidt, Asymptotics of Palm-stationary buffer
content distributions, Advances in Applied Probability 31 (1999) 235-253.

[8] O. J. Boxma, V. Dumas, Fluid queues with long-tailed activity period
distributions, Computer Communications 21 (1998) 1509-1529.

[9] N. Likhanov, R. R. Mazumdar, Loss asymptotics in large buffers fed by
heterogeneous long-tailed sources, Adv. in Appl. Probab. 32 (4) (2000) 1168—
1189.

[10] S. Borst, O. Boxma, P. Jelenkovic, Generalized processor sharing with long-
tailed traffic sources, in: P. Key, D. Smith (Eds.), Teletraffic Engineering in a
Competitive World, Elsevier, 1999, pp. 345-354.

[11] V. Anantharam, Networks of queues with long-range dependent traffic streams,
in: Stochastic networks, Vol. 117 of Lecture Notes in Statist., Springer, New
York, 1996, pp. 237-256.

[12] A. Ganesh, V. Anantharam, Stationary tail probabilities in exponential server
tandems with renewal arrivals, Queueing Systems 22 (1996) 203—248.

[13] K. Majewski, Heavy traffic approximations of large deviations of feedforward
queueing networks, Queueing Systems Theory Appl. 28 (1-3) (1998) 125-155.

[14] A. J. Ganesh, N. O’Connell, The linear geodesic property is not generally
preserved by a FIFO queue, Annals of Applied Probability 8 (1) (1998) 98—
111.

[15] N. O’Connell, Large deviations for departures from a shared buffer, J. Appl.
Probab. 34 (3) (1997) 753-766.

[16] F. Baccelli, S. Schlegel, V. Schmidt, Asymptotics of stochastic networks with
subexponential service times, Queueing Systems 33, No. 1-3 (1999) 205-232.

[17] T. Huang, K. Sigman, Steady-state asymptotics for tandem, split-match and
other feedforward queues with heavy-tailed service, Queueing Systems 33 (1999)
233-259.

19



[18] D. R. Cox, Long-range dependence: A review, in: H. A. David, H. T. David
(Eds.), Statistics: An appraisal, Iowa State University Press, Ames, lowa, 1984.

[19] F. Baccelli, P. Brémaud, Elements of Queueing Theory, Series in Applications
of Mathematics 26, Springer-Verlag, N.Y., 1994.

[20] K. Deimling, Nonlinear functional analysis, Springer-Verlag, Berlin, 1985.

[21] F. R. Gantmacher, The theory of matrices. Vol. 1, AMS Chelsea Publishing,
Providence, RI, 1998, translated from the Russian by K. A. Hirsch, Reprint of
the 1959 translation.

A  Proof of Lemma 1

We will show that 77 and p”/ form a unique fixed point of a function for
a given set of values of r,, p,. Let us now describe this function: Let ¢ =
QZnN:l l,, s1=1, s, = QZZ: I, 1 <n < N and define

Q={velR?: vanrje[O,Cﬂ?],n:l,...,N, j=1,...,l,—1}

Here vector v corresponds to the transmission rates and average loads of the
flows at all nodes. Now for J € Zf , define the function 77 : Q — Q such that

Ve L
T (V) 4j41 = - A
(v)s tit maX(ZkGNﬂ-Z} JkVsy+i(k,jn) T Vsptly+ilk,in) Cﬁ?y -

J

=0,y =20y + 1,2y — 2
where i(k, j,n) is chosen such that 7 = 7 with j = j mod(l,).

The function 77 expresses the input rates to a node in terms of the output
rates of the upstream nodes. Since each input is either an external flow or the
output of another node, we must have the relation 7”(v) = v. Now we need
to show that this is indeed the case and for a fixed 2N dimensional vector w
given by w, = vs, and w, ny = vs, 4, , i.e., for fixed values of the external
input rates, this solution is unique. It is easy to check that T7(Q) C Q. Let
T be equal to T for a fixed w, i.e., T/ =T7|q, with Q, ={veQ : v, =
W, Vs, +1, = Wpen - Now we will show that T, U{ has a unique fixed point. From
an extension of Banach fixed point theorem [20, p.187], it is enough to show
that 7.7 is a condensing mapping which means that for a given metric d and
for u, v € Qy, d(T2(u), T (v)) < d(u,v). We choose the metric d to be the one
corresponding to the Ly norm. To prove that T/ is condensing, it is sufficient
to show that the transformation at each node between input and output rates
is a condensing mapping. Indeed T}/ can be written as a disjoint sum of such
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transformations by choosing the appropriate permutation of {v;}. Hence we
will consider a generic mapping of the form

UjC
maX(Zle JZ‘UZ', O)

F:D— D, F(v); =

where D C IRE is a compact set for some p > 0 and J € Z . The compactness
condition on the domain D is justified because a flow other than an external
input is output of a node and hence it has a bounded rate. Define ||v| =
> Jiw. Take u,v € D.If ||ul| < C,||v]| < C, then F(u) — F(v) = u —v. If
|ul| < C,||v|| > C, take z = tu+ (1 —t)v, t € (0,1) such that ||z|| = C. Then,

F(u)— F(v)=F(u) — F(2)+ F(z) — F(v) =u—z+ F(2) — F(v)

Now consider the case ||u|]| > C,|jv| > C. Then Jg, the Jacobian of F, is
given by

jF(U) = —A where A” = ||UH — Jﬂ)i, Aij = _ijia 7 7éj

C

2
o]
Thus A = ||v|| I, — B where B;; = J;v; and I, is the pxp identity matrix. Note
that the matrix B has rank “1” and thus it has one eigenvalue at its trace
equal to ||v|| with the remaining eigenvalues being 0. By taking an invertible
matrix G such that G7'BG is Jordan form [21] of B, it follows that G™'AG
has one eigenvalue at 0 and p — 1 eigenvalues at ||v||. Therefore the largest
eigenvalue of Jp(v) is C/ |jv|| which is less than 1. This implies that F' is a
condensing mapping.

As mentioned above, T/ can be written as the disjoint sum of F type trans-
formations. Therefore T'/ is also a condensing mapping and has a unique fixed
point v°(w) provided that v°(w) satisfies 3=,,c v, Jn0° (W), +0(W) 5, 410my >
Cy, for at least one node k. Here ny is chosen such that 7, = k. If this does
not hold, then a fixed point must satisfy vo(w)j =w, for s, <j<s,+1, and
V(w); = wnyn for s, + 1, < j < sp41. Therefore if 3, aq, Jn0? (W) s, 4m, +
V(W) s, 41,m, < Ci holds for every node k, then v°(w) is a unique fixed point.
Thus we have shown that for every w, there exists a unique v°(w) satisfying
T, (v’ (w)) = v°(w). In other words, for a given set of transmission rates r,
and average loads p, of the external inputs, the corresponding internal ones
are uniquely defined as in equations (3) and (4). Furthermore v°(w) is also a
continuous function of w. Indeed assume that this is not true and there exists
n — 00, w, — w but v°(w,) - v°(w). But since v°(w,) lies in a compact re-
gion, there exists v s.t. v*(w,, ) — v € Q,, and v € Q,,. Since T is continuous,
T(v) = v. But this is in contradiction to the uniqueness of the fixed point in
Q,, and thus proves the continuity of v°(.). O
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