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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* \WWe mentioned one example, for ©(1) — a.k.a.
constant (e.g., constant time) — being subscripted
access of an element of an array; regardless the
number of elements n in an array, accessing an
element by subscript takes a constant amount of
time (it maps to a single assembly-level instruction
on most CPUs)
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* Perhaps a less obvious example for ©(1) — an
operation that may involve (perhaps at random), 1,
2, or 3 operations.

. Why is this ©(1)?
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Asymptotic Analysis

» Examples of algorithms or operations exhibiting
the common functions seen last time:

* Perhaps a less obvious example for ©(1) — an
operation that may involve (perhaps at random), 1,
2, or 3 operations.

. Why is this ©(1)?

 Perhaps more strange is calling it constant time,
when it is not constant at all.
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* You guys give me one example for logarithmic time
(©(log n) )
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

 How about linear time, or ©(n)?
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

 How about linear time, or ©(n)?

* Regular search on an array of n elements.
 Computing the average of n values.

- However, computing the variance would be .... ?
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* \WWe saw an example for n log n — it was, however,
(Q(n log n), and not @(n log n)

« Remember that one?
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

o Later in the course, we'll see an example of sub-
guadratic time.

* A preview — an algorithm that recursively splits the
job for size n into three recursive calls for size n/2.

- Thus, if we do k recursive calls, that's 3k operations (for
each of the three recursive calls, there will be three

other), but k will be Ig n (right?), so that's 3'9” — from Q1
of the assignment, you recall that this is n'93 = 158
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

 An example for quadratic time, ©(n?)?

- How about this for a trick question: can a sort algorithm
be O(n?)?
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* |n fact, let's see a (very simple/intuitive) sorting
algorithm that is ©(n?)

* Find the lowest element in the array (that's linear
time), then swap it with the first element; then, find
the lowest element in the n—1 elements starting at
the second position, and swap it with the second
element; ... and so on.

« BTW, this iIs known as selection sort — let's see
why it is O(n?)
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

* The searching part takes n operations the first time;
then, n—1 operations, then n-2 .... all the way until

just one operation.

* For each of the first n—1 elements, you need to
swap (for the last one, we don't need to do
anything), which is 1 operation .... Well, ok, 3, but
that's the same as 1 ... right? (why?)
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

 We have,n+ (n-1)+(n-2)+---+3+2+1 ... We
recognize this .... (right?) ... And we have 3(n-1)
operations for the swap — that's n(n+1)/2 + 3(n—1),
which is O(n?)
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» Examples of algorithms or operations exhibiting
the common functions seen last time:

 How about another trick question (maybe the
guestion won't be too hard for you to see the
answer right away, but | estimate that the answer
may be very surprising)

 What is the run time (in asymptotic notation) of
selection sort when executed only in arrays of 5
elements or fewer? (we don't necessarily know
how many, and it may vary between runs, but we
know that it is always 5 or less elements)
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* And speaking of .... Let's bring back the
example of linear search.

* We said that searching for a value in an
unordered group of values requires ©O(n)

operations — what if the value is found at the
first, or second location?

* |n fact, on average we will not require n
operations — on average, it will be found half-
way, so that would be .... (what exactly?)
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 Maybe we could suggest the idea that we want
to describe linear search as O(n) instead of
©(n) — big-Oh indicates upper-bound, instead
of the tight bound that © describes.
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« But that's not really the point — where I'm going
with this is the notion of how exactly we
describe the run time of a given algorithm, with
three important options to consider:

 \Worst-case
 Average-case
» Best-case
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* Worst-case analysis:
Important when we need a guarantee about

execution time.

* For example, in Embedded Systems (in particular
real-time embedded systems), this often plays an
iImportant role — example: if you're controlling a
robot that is performing surgery, you have to
calculate the movements, and once every, say,

10 ms, you absolutely need to output data to the
actuators. You require the guarantee of execution

time.
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* Average-case analysis:
Quite often important — for most non-critical
systems (e.g., games, web applications, server-
side software, etc.); you want an average that
allows you to guarantee a certain level of
“smoothness” in the operation for a given
number of concurrent requests.
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» Best-case analysis:
Errmm.... Does anyone ever care about this
one? :-)
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Asymptotic Analysis

» Best-case analysis:
Errmm.... Does anyone ever care about this

one? :-)

(yes, the implied sarcastic tone is because the
answer is, «of course no!» Maybe as an
academic exercise it may be interesting,
perhaps for the purpose of making sure that we
understand the complete picture, etc.; but it
typically has no practical value)
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* In general, if we are restricted to one of these to
describe a given algorithm, we use the worst-

case to describe It.

* Often enough, we use both worst-case and
average-case.

 However, very often, in asymptotic notation, worst-
case and average-case are in the same class
(example, linear search — both worst-case and

average-case are O(n))
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» Let's look at an alternative technique to figure
out the appropriate descriptions for given
functions.

* For example, consider two asymptotically non-
negative functions f(n) and g(n), and consider:

: f(n)
hi?o g(n)

e Say that the limit exists and is finite and
non-zero — what does that tell us?
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* Well, you remember the formal definition of that
limit ...
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* Well, you remember the formal definition of that
limit ... (right?)
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* Well, you remember the formal definition of that
limit ... (right?)

lim f(n)=L if

71— 00

Vex>0, AN>0 ‘ f(n)—Ll<e V¥V n>N
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* Well, you remember the formal definition of that
limit ... (right?)

lim f(n)=L if

71— 00

Vex>0, AN>0 ‘ f(n)—Ll<e V¥V n>N

* Since we're saying that the limit of f(n) / g(n)
exists (and is finite), we know that for all € > 0,
such N exists.
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e Thatis:
f(n)
Vex>0, dN>0 Lil<e VYn>N
g(n)

» Since the above holds forevery € >0,and L >0
(why is L > 07), then it must hold for every ¢

with O < g < L:
f(n) L<e:>—e<f(n> L <e¢
g(n) g(n)
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L <e = L—e< < L+e€

» Since g(n) is non-negative (right? why?):
(L—e)g(n)<f(n)<(L+e)g(n) VY n>N

 But L-¢ > 0 (right?) ... So, what does this
remind us of? (Hint: choose ¢c1 = L—€ and
c2 = L+¢g)
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 Bottom line:

For every asymptotically non-negative functions
f(n) and g(n), we have:

0 < lim <w = f(n)=0(g(n)

o 8(1)

* I[mportant: this is a one-direction implication,
and not an if-and-only-if — can you think of a
counter-example (to show that the other
direction does not necessarily hold) ?
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o Similar criteria can be found for the other two
Landau symbols that we saw last class:

: f(n)
hf?o g(n)

<o = f(n)=0(g(n))
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o Similar criteria can be found for the other two
Landau symbols that we saw last class:

lim L)

e (1) < ® = f(n)ZO(g(n))

* The difference to notice being that now the limit
may be 0 — and sure, f(n) = O(g(n)) allows for
f(n) to be either asymptotically proportional to
g(n) or asymptotically negligible with respect to
g(n) — in which case the limit would be 0.
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« Similarly, for Q we have:
0 < lim QE’;)) = f(n)=Q(g(n))

e The difference being that the limit may be o,

corresponding to the situation where g(n) is
asymptotically negligible with respect to f(n).
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* We can repeat the example (which will this time
seem trivial by comparison) from last class,
showing that 5n? + 2n = O(n?):

2
lim 2221 _ s

71— o0 14

* Directly showing that the numerator is O the
denominator.
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* Another example: let's verify that selection sort
IS, as we know it must be, Q(n logn):
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* Another example: let's verify that selection sort
IS, as we know it must be, Q(n logn):

2

n n

lim = lim
n—owo N logn 71— 00 lOgn
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* Another example: let's verify that selection sort
IS, as we know it must be, Q(n logn):

2

n n

lim = Iim
n—w N logn n—w 10gHN

* We could claim that log grows slower than any
power n¢ for every d > 0, and thus the limit is .

* But we might as well use L'Ho6pital’s rule ...
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* Another example: let's verify that selection sort
IS, as we know it must be, Q(n logn):
n 1

11 =\

— 0O



UNIVERSITY OF

WATERLOO ECE-250 — Algorithms and Data Structures (Winter 2012)

Asymptotic Analysis

* Another example: let's verify that selection sort
IS, as we know it must be, Q(n logn):
n 1

11 = I

— OO

* Perhaps the only warning is that n is not
supposed to be a continuous variable .... (is this
really a problem?)
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* There are two additional Landau symbols that
we'll want to know about (though they're not as
useful — In practical situations — for describing
algorithms as the three that we have seen).

* These are little-oh (0), and little-omega (w).

* You could visualize these as the part, or the
subset, from their corresponding big
counterparts that excludes the big-Theta.
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* For example, informally speaking, big-Oh
means that the function is either proportional or
negligible with respect to the other one.

 Little-oh means that the function is negligible with
respect to the other one.

e |n terms of limits, it means:

m L) = n)=olg\n
jim £~ 0 = f(n) = olg(n)
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* In terms of the formal definition, it may seem
tricky/subtle:

o(g(n)) =

0<f(n)<cg(n) YVn=N

f(n) | V>0, 3 N>0 such that
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* In terms of the formal definition, it may seem
tricky/subtle:

o(g(n)) =

V>0, 4 N>0 such that
f(n)
0<f(n)<cgln) Va=N

» See the difference with respect to big-Oh's
definition?
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» Similar idea for little-omega — in terms of limits:

lim £

lim —ry =« = flr)=olg)
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» Similar idea for little-omega — in terms of limits:

lim )

lim —ry =« = flr)=olg)

e |n terms of formal definition:

[ V>0, 4 N>0 such that
— | f :
o(gln) () | 0<cg(n)<f(n) Va=N
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 Summarizing the definitions, in terms of the
criteria using limits:

f(n) = o(g(n)) lim ;E’;; =0
f(n)=0(g(n)) lim ;EZ)) < o
f(n)=0(g(n)) 0 < lim ;E’;; < o
f(n)=Q(gln)) lim 22’3 > 0
f(n) = w(g(n)) lim ) = o

aQ
S

n— oo
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