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Abstract— Humanoid robots have many potential applications in man-made environments, including performing hazardous tasks, assisting the elderly, and as a replacement for
our aging workforce. However, generating a reliable gait for
biped robots is challenging, particularly for dynamic gait and
in the presence of unknown external disturbances, such as a
bump from someone walking by. In this work, a 3D formulation
of the Foot Placement Estimator is used with a high-level
control strategy to achieve a dynamic gait capable of handling
external disturbances. A key benefit of this approach is that the
robot is able to respond in real time to external disturbances
regardless of whether it is at rest or in motion. This strategy
is implemented in simulation to control a 14-DOF lower-body
humanoid robot being subjected to unknown external forces,
both when at rest and while walking, and shown to generate
stabilizing stepping actions.

I. I NTRODUCTION
In the realm of humanoid robotics, one of the major challenges is the ability for bipedal robots to maintain balance
during gait. This is especially difficult when the biped is
subject to some form of external disturbance, which may
move it away from any precomputed trajectories or planned
motions. This problem is of critical importance if bipeds are
to be useful as part of our regular daily lives, where they
may experience random external disturbances frequently.
Currently, a number of different approaches exist when
generating and carrying out biped gait, with the vast majority
using the Zero Moment Point (ZMP) [1] as a control reference to generate trajectories either offline [2] or online [3].
The desired ZMP trajectory can be modified in response to
external disturbances [4]. The ZMP is the Center of Pressure
(COP) of a biped: the point within the convex support
polygon at which the vertical ground reaction force acts [5].
Although it is used in many humanoid control applications,
the ZMP is only useful and valid when a robot is statically
stable, leading to a reliance on a static gait, where the biped
is able to stop at any time during the gait cycle without
falling over. This requires the introduction of measures of
stability, such as the Foot Rotation Indicator [5], to measure
the level of stability and attempt to maintain it continuously.
In this work, the ZMP (referred to hereafter as the COP) is
used only during static portions of dynamic gait generation.
An alternative formulation to the gait generation problem
is to focus on where the robot needs to step next to restore
balance. An example of this approach is the instantaneous
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Capture Point [6], and a later extension to the Capturability
regions [7], [8]. For a hopping or running robot, energy
conservation can be used to find a desired foot placement
[9]. Another approach in this vein is the Foot Placement
Estimator (FPE), originally proposed in [10], and extended
in [11]–[14]. The FPE is a point on the ground where a
biped would place a swinging foot in order to come to
rest above that point, having converted all of its kinetic
energy into potential energy. The FPE is computed using
the conservation of angular momentum, finding the location
where the total energy of the biped after swing foot impact
is equal to the peak potential energy. The ’Capture’ methods
use the 3D Linear Inverted Pendulum Model [15], which
assumes that the Center of Mass (COM) of the biped remains
at a fixed height and the impact of foot placement does not
affect the COM position and velocity. The errors introduced
by these assumptions must be actively controlled, requiring
a more complex control strategy than the approach in this
work based on the FPE and its extensions.
Both the 2D FPE [10] and the Foot Placement Indicator
(FPI) [11] are only defined for planar bipeds, with the FPI
including the dynamics of articulated legs to extend the
original single point mass model of the 2D FPE. The other
three extensions of the 2D FPE are all developed in 3D, each
with a different approach. A fixed plane is chosen, requiring
separate out-of-plane control of balance, in [12]. In [13],
the ”3D FPE” is defined, based on an ”Euler pendulum”
monoped model with a disc foot, such that their model
is a direct 3D extension of the planar compass biped in
[10]. Finally, [14] defines the Generalized FPE (GFPE) using
a rimless spoked wheel model, which includes interesting
predictive aspects and can handle non-level ground, but is
only used to recover from external disturbances while at rest
with no discussion of its use while walking.
In this work, the methods in [13] to calculate the 3D
FPE are used to determine the FPE point for a 14-DOF
lower-body humanoid robot. This point is then used as a
control reference to inform both a high-level state machine
and its associated task-level trajectory generator. The tasklevel trajectories are used as control inputs to a prioritized
Jacobian-based feedback loop [12] and a simple low-level
PD joint controller to drive a simulated robot.
The goal of this overall control strategy is to allow the
robot to respond directly to external disturbances by stepping
onto the FPE, either while standing still or walking. One of
the key benefits of this strategy is that recovery from external
disturbances is simply a subset of the elements required for
dynamic gait. To walk, the robot needs only to push itself

Fig. 1.

Illustration of the 2D FPE [12].

into an unstable state in the desired direction of motion, then
allow the recovery mechanism to prevent it from falling.
Both [10] and [12] have investigated earlier versions of
this form of state machine based control strategy. However,
the first deals only with planar bipeds with point feet,
while the second uses a constant plane of motion, requires
separate lateral stabilization, and has very limited discussion
of external disturbances. This work uses a continuously
updating plane, similar to [13] and [14], which allows it
to respond in 3D to unknown external disturbances. It also
includes dynamic gait generation, unlike [14], and is used
directly as part of a unified control method, as opposed to a
measurement method such as in [13].
This paper’s main contribution is the use of the 3D FPE
in combination with a continuously updated FPE plane to
achieve disturbance compensation both while standing and
while in motion. The 3D FPE has only been used until now
in the biomechanics literature, and no existing work has been
done using a continuously updating FPE plane. This paper
demonstrates that this approach is capable of compensating
for external, unknown disturbances as part of a gait cycle.
II. P ROPOSED A PPROACH
In this work, the proposed method of handling recovery
from external disturbances, and by extension dynamic walking, builds on the previous FPE research in [10], [12]–[14].
These different approaches are explained in further detail
below to help justify the choice of the 3D FPE approach to
calculate the FPE in 3D, to be used as a control input to a
high level state-machine based controller with online tasklevel trajectory generation and a prioritized Jacobian-based
feedback loop, as described in the next section.
The original 2D FPE concept was developed for planar
bipeds in [10], with a point mass at the system’s Center
of Mass (COM), point feet, and massless legs. The 2D
FPE is illustrated in Fig.1. The FPE is computed using
the conservation of angular momentum in the 2D plane, by
finding the angle φ where the total energy of the biped after
swing foot impact is equal to the peak potential energy. In
both [13] and [14], extensions of the 2D FPE concept are
made to take 3D dynamics into account. In both approaches,
the 3D dynamics are projected into a vertical plane which
passes through the COM, but the computation of the plane
orientation about the vertical axis differs between the two
methods. Once the plane is found, the original 2D FPE
algorithm is used, either directly or indirectly depending

on the model, to find a point on the line where the plane
intersects the ground for the 3D biped to step.
In [14], the GFPE plane direction is defined by the
horizontal velocity vector of the COM immediately after
an external disturbance. In this formulation, the robot is
assumed to be at rest before any external disturbance occurs,
and therefore should only move in the direction of the
COM velocity vector until action is taken. This assumption,
and therefore the plane itself, is reasonably valid if the
robot is standing still when a disturbance takes place, but
is less appropriate if the robot is already moving when
disturbed (such as being bumped while walking). In [13],
the 3D FPE plane direction is defined by a horizontal vector
perpendicular to the overall angular momentum of the robot,
taken about the ground projection of the COM.
The system model and the robot’s state are used to calculate the FPE planes. In the equations below, the following
conventions are used: i = 1..N where N is the number of
links, mi is P
the mass of each link, M is the total mass of
the system ( mi ), ci and vi are the absolute position and
velocity of the COM of each link (relative to the origin, O),
ωi is the absolute angular velocity of link i, Ri is the rotation
matrix of link i relative to the origin, and Ii is the rotational
inertia matrix for link i around ci in local coordinates.
The COM (c) is given by
P
P
mi ci
mi ci
P
=
(1)
c=
mi
M
while the ground projection of the COM (cGP ) is
cGP = c − (c · k̂)k̂
The linear momentum (P ) of the system is
X
X
P =
Pi =
mi vi
while the velocity of the COM (vc ) is
P
m i vi
dc
P
= P
vc =
=
dt
M
mi

(2)

(3)

(4)

The angular momentum of the system is calculated about
two different points: the origin (HO ) and the ground projection of the COM (HGP ), given in (5) and (6), respectively.
X
HO =
(ci × Pi + Ri Ii RiT ωi )
(5)
HGP = HO + cGP × P

(6)

As shown in equation (5), the angular momentum of
the system takes into account both the linear and angular
velocities, and the rotational inertia of all of the links in
the robot. It is also clear from equation (6) that the angular
momentum calculated about the COM ground projection
directly takes into account the velocity of the COM, in
addition to the elements included in equation (5).
This means that the GFPE plane defined in [14] can be
considered a special case of the 3D FPE plane, where none of
the links are rotating or moving relative to one another. Since
this special case is only valid when the pre-disturbance robot
is at rest or translating purely linearly (difficult to achieve in

height (ḣ = dh/dt), and vcû is the velocity of the COM in
the chosen plane (vcû = vc · û, where û = k̂ × n̂).
[M h(ḣ sin φ + vcû cos φ) cos φ + I n̂ ω n̂ cos2 φ]2
= 1 (12)
2M gh cos φ(1 − cos φ)(M h2 + I n̂ cos2 φ)
Once the angle φ is found, the FPE is found as follows:
F P E = cGP + h tan φû

Fig. 2. Image showing the planes defined in [14] and [13]. The robot’s
right foot (on the left side of the image) has just lifted during walking. The
green plane is the 3D FPE plane, while the red plane is the GFPE plane.

the real world), the plane from the 3D FPE work is used in
the remainder of this work. This allows the robot to respond
to disturbances not only in the restricted cases of the GFPE
plane, but also when it is already moving.
The difference between the two planes is shown in Figure
2, just after the robot has lifted its right foot (on the left, in
the figure) while walking: the 3D FPE plane has already
responded to this change by rotating towards the lifted
foot, but the GFPE plane remains aligned with the current
direction of linear translation. Once the robot starts to fall
towards the lifted foot, the GFPE plane approaches the 3D
FPE plane, as the COM begins to move in that direction.
Once the horizontal direction of the plane has been calculated, a number of other values must be calculated and
then projected onto the plane, to determine the position of
the FPE within the plane. These equations all make use of
a unit vector normal to the chosen plane, labeled n̂, which
in the case of the 3D FPE plane is simply the horizontal
direction of HGP .
First, the angular velocity (ωi ) and rotational inertia (Ii )
of each link needs to be projected into the plane:
ωin̂ = (Ri ωi ) · n̂

(7)

Iin̂ = n̂T · (Ri Ii RiT ) · n̂

(8)

Second, the distance (di ) between each link’s COM (ci )
and the system COM (c) is found in the plane:
di = ci − c − ((ci − c) · n̂)n̂

(9)

Third, the system’s average angular velocity (ω n̂ ) and total
rotational inertia (I n̂ ) are needed:
X
X
ω n̂ =
Iin̂ ωin̂ /
Iin̂
(10)
I n̂ =

X

Iin̂ + mi di

(11)

Finally, the FPE point is found using a modified form of
the 2D FPE equations from [13]. First the angle φ between
the vertical axis and a line between the COM and the FPE
is found via equation (12). In this equation, h is the height
of the COM (h = ck̂ = c · k̂), ḣ is the rate of change of the

(13)

This position on the ground is used as a reference position
for the high-level state machine and the task-level trajectory
generation algorithms described in the next section. More
details on the development of the original 2D FPE and the
3D FPE extension can be found in [10] and [13].
III. C ONTROLLER
A gait controller is defined in this section which enables
a biped to recover from external disturbances, both at rest
and while walking, using the 2D gait controller from [10]
as a starting point. Although a 3D extension of the original
controller was made in [12], it used a constant FPE plane in
the desired direction of motion, requiring the use of ZMPbased stable gait generation for the majority of the gait
cycle to compensate for the out-of-plane 3D dynamics. The
existing controller was augmented to improve the walking
performance, both by defining functions at a higher level and
including states for leaning forward (to instigate walking)
and settling the feet on the ground.
The high-level controller is built around the use of a symmetric state-machine which defines the high level state of the
robot at any particular time, as shown in Fig. 3. A key feature
of the controller is that recovery from external disturbances
while at rest is a direct subset of the functionality required
to walk. To walk, the high-level controller simply needs to
cause the robot to move its COM until it begins to fall in the
desired direction of motion, then enter push-recovery mode.
It should be noted that the COM moving outside the robot’s
support polygon is only indirectly related to this mode: If
the angular momentum is large enough, the stepping strategy
will kick in before the COM exits the support polygon.
The state of the system, as determined by this state
machine, is then used to generate task-level trajectories, for
the COM and the position and orientation of both feet, to
achieve the objectives of the given state. These trajectories
are generated online, to avoid the need to calculate trajectories a priori and therefore allow maximum flexibility
to respond to disturbances. Depending on the current state,
different objectives exist for the desired COM and position
and orientation of each foot. A set of goal positions and
orientations are defined, based in part on the positions and
orientations when each state starts. A trajectory is then
generated using a quintic spline, to allow specification of
the trajectory’s initial and final derivatives.
To translate between the task-level trajectories and the
low-level desired joint angles of the robot, a prioritized
Jacobian-based feedback loop is used. This portion of the
control method has been described previously in [12], so
will only be briefly introduced here. In each state, the task

F Drop: Lower the given foot onto a tracking point
based on the FPE, while maintaining the desired COM
velocity. The tracking point is offset from the FPE
depending on which mode the simulation is in. If the
robot is walking, the tracking point is slightly behind
the FPE, allowing the robot to maintain momentum in
the desired gait direction. If the robot is standing and
responding to a disturbance, or intends to stop walking,
the tracking point is slightly in front of the FPE.
• Settle: Maximize the ground contact area of both feet.
2) Transition Functions:
• TakeStep(F): Checks if the given foot should take a step.
The function is active if the distance between the FPE
and the given foot is larger than that between the feet.
• COPInFoot(F): Checks if the Center of Pressure is
within the given foot. The function is active once the
COP is at least a set distance within the foot’s perimeter.
• ClearOfGround(F): Checks if the given foot is clear
of the ground. The function is active if the entire foot
contact surface is a suitable distance away from any
portion of the ground contact surface.
• AtFPE(F): Checks if the given foot has reached a point
above the FPE. The function is active if the given foot
position is within a set horizontal distance of the FPE.
• GroundContact(F): Checks if the given foot has touched
the ground. The function is active if the foot’s contact
surface has touched the ground’s contact surface.
• FullContact: Checks if both feet are in full contact with
the ground. The function is active when both feet are
flat on the ground.
• Walking: Checks if there is a non-zero desired COM
velocity. If so, the function is active.
•

Fig. 3.

Diagram of the high-level state machine used in the controller.

trajectories are prioritized into high and low categories. The
high- and low-priority Jacobians are then built by stacking
the individual task Jacobians in each priority category. The
overall Jacobian is found by projecting the low-priority
Jacobian onto the null space of the high-priority Jacobian,
and this overall Jacobian is inverted to translate between
the task trajectories and desired joint trajectories. Finally,
a simple PD control loop is used to calculate the torques
required to move the robot to the desired joint angles.
A. State Machine
In the original state machine in [10], developed for a
simple planar robot, the states defined the joint movement
trajectories directly. These definitions were specific to the
particular biped geometry, and not easily generalizable to
different robot configurations. In [12], the trajectories were
defined at the task space level, in terms of Cartesian trajectories of the COM and swing foot, providing a more general
framework for arbitrary DoF legs. However, the trajectories
defined in [12] were still specific to the a-priori chosen FPE
plane and assumed perfectly level ground.
In the state machine described below, the states and
the transitions have been defined with a further level of
abstraction, to facilitate its use on a broad range of different
biped robots and handle on-line changes to the orientation
of the FPE plane. For example, during either of the ’Swing’
states, the swinging foot is required to maintain ”ground
clearance” instead of ”a height of at least h”, to allow for
variable terrain in the future.
1) States and Objectives: In these descriptions, the F
represents either the left (L) or right (R) foot:
• Stand: The COM is moved to a set height to maximize
its ability to respond to disturbances, centered between
the positions of the two feet. The second objective is to
maintain full ground contact with both feet.
• Lean: Move the COM at the desired COM velocity
(where a velocity of 0 is equivalent to standing still),
while maintaining full ground contact with both feet.
• F Push: Move the COP into the opposite foot, by
augmenting the desired COM velocity.
• F Lift: Lift and rotate the given foot off the ground
to achieve the desired ground clearance, while using
remaining joints to maintain the desired COM velocity.
• F Swing: Move the given foot horizontally towards a
point above the FPE, while both maintaining ground
clearance of the foot and the desired COM velocity.

IV. S IMULATIONS AND R ESULTS
The proposed approach was verified in simulation using a
model of a 14 DoF lower body humanoid robot (700mm tall,
30kg) developed at the University of Waterloo. The robot has
7 DoF in each leg, 3 at the hip, one at the knee, and 3 at the
ankle. The CAD drawings of the robot were used to generate
a SimMechanics dynamic model of the robot, including
models for the robot and motor dynamics [16]. Various
simulations were carried out where internal (walking) and
external (pushes) disturbances were introduced, and the biped
used the proposed controller to regain stability following
a disturbance. These simulations consist of three classes
of disturbance: being pushed while standing still, dynamic
walking, and being pushed while walking. In all of these
simulations, the robot was initialized to begin the simulation
as if it had just taken a step while walking (i.e. with one foot
ahead and to the side of the other).
The first simulation was used to verify that the controller
was acting as expected in the presence of an external disturbance while the robot was stationary. A simulated force of
150 N was applied to the center of the torso in a direction out
of the page for 1/10 second. The series of images in Figure
4 show the progression of the simulation at the transitions
between the various states in the controller’s state machine.

(a) Initial Pose

(b) After Being Pushed

(c) After Lift state

(d) After Swing state

(e) In Stand state

Fig. 4. Simulation results when the robot is pushed from behind on the center of the torso with a force of 150 N for 0.1 seconds. The dark blue circle
indicates the location of the disturbance force, the orientation is perpendicular to the plane shown, out of the page.

push (2 s), the FPE position starts to differ dependent on
the different forces applied. The main thing to note in these
graphs is that a push in the X direction creates much more
of an impact in the FPE’s Y position than a push in Y, and
vice versa. Another key observation is that a push in the X
direction appears to produce a delay in the movement of the
FPE’s X position, similarly in Y as well.
As can be seen from the final robot poses in Figures 4,
6, and the attached video, the controller performs very well
in all applied scenarios. All of the final poses are statically
stable, and in the case of the walking simulations the robot
moves on to begin a step with the opposing foot.
V. D ISCUSSION
Fig. 5. Landing positions of the swinging foot in each of the four walking
scenarios: normal walking (Walk), and pushes (* Push) in the X, Y, and
XY directions. The foot paths after being pushed are also shown from the
point they start to differ, using the same notation.

The second simulation included a desired COM velocity,
to dictate how fast and in what direction the robot should
attempt to walk. In this simulation, the robot is statically
stable until it reaches the Swing state, as the Lift state is
augmented to move the swinging foot in the direction of
desired motion before switching to tracking the FPE in the
Swing state. A series of images, in Figure 6, shows the
simulation at the transition points between states for one step
of the walking cycle.
In the final set of simulations, the robot was subjected to
external disturbances from various angles while dynamically
walking. For these simulations, the disturbance lasted for
0.1 seconds and acted on the center of the torso, as in the
standing simulation. The external force was applied during
the Swing state, to demonstrate the robot is capable of
responding to disturbances while in the dynamic portion of
its walk cycle. The landing positions of the swinging foot in
each of the various scenarios are shown in Figure 5, along
with the foot paths from the point they start to differ.
In Figures 7a and 7b, the trajectories of the X and
Y positions of the FPE in the three different push-whilewalking scenarios are compared to the trajectory of the FPE
in the normal walking scenario. Since the FPE is located
on the ground, and the ground is assumed to be flat, the Z
component is left out of the comparisons.
It is apparent from these graphs that at the time of the

Some potential issues with the current state machine are:
• If the robot is pushed in the F Lift or F Swing states, the
wrong foot may be in the air. However, the continuous
calculation of the FPE should allow the controller to
adapt to many of these disturbances. For example, if
the robot is pushed from the side opposite to the lifted
foot, the raised foot will attempt to track the new FPE.
If it is unable to do so, then it will make contact with
the ground and a new round of push recovery will begin
with the other foot.
• If the robot is pushed away from the FPE in the F Drop
state, it is possible that the robot will fall. A possible
solution is adding a transition to detect this and switch
back to the F Swing state.
• If both feet are an equal distance from the FPE, the chosen foot depends on the order of transition evaluation.
In the specific implementation used in the simulations
above, the Push and Lean states were combined to allow the
robot to both move in the desired direction of motion and
shift its COP into the chosen stance in parallel. This may
have affected the timing of the initial states while walking,
but since these states are during statically stable double
support sections of the gait, this would not have affected
the overall performance of the simulations.
VI. C ONCLUSIONS
This paper proposed an approach for on-line gait generation capable of responding to unknown disturbances. In the
proposed approach, the point on the ground where the robot
must step in order to regain stability following a disturbance
is found via a two step process. First, the plane perpendicular

(a) Initial Pose
Fig. 6.

(b) After Lean/Push states

(c) After Lift state

(d) After Swing state

(e) In Stand state

Simulation results when the robot tries to walk by leaning forward until it enters an unstable state, then recovering.

(a) X Position of FPE

(b) Y Position of FPE

Fig. 7. Comparison of FPE positions for the four different walking scenarios. The Swing state starts at 1.94 seconds, but the robot enters the Drop state
at different times depending on the scenario. This transition from the Swing state to the Drop state is the cause of the large oscillations in FPE position
between 2.1 and 2.2 seconds, as the controller switches from global to local reference frames to facilitate contact dynamics with the dropping foot.

to the overall angular momentum of the robot with respect
to the ground projection of the COM is found, and then
the location where the total energy of the biped after swing
foot impact is equal to the peak potential energy within the
plane is found as the target stepping point. This target is
re-computed at each timestep, allowing the robot to adapt
to disturbances on-line. A simple state machine is used
to generate a full gait cycle; the robot initiates lifting of
the swing leg either when forward progress is desired or
when a disturbance is observed, and tracks the target foot
placement location to determine the swing leg placement.
The proposed approach is tested in simulation and shown
to generate stabilizing foot placements to disturbances from
arbitrary directions, both while standing still and in motion.
In future work, the proposed approach will be implemented and verified on a physical robot currently in construction at the University of Waterloo. The proposed approach
will also be verified with uneven terrain, timing variations
of the push during the gait cycle, and to determine the range
and spatial distribution of disturbances that can be handled.
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