ECE 203 — Section 4

Continuous random variables

o Probability density function
@ Mean and variance of continuous random variables

o Expectation of functions of continuous random variables

Representative distributions and memoryless random variables

e Transformation of random variables

The slides have been prepared based on the lecture notes of Prof. Patrick Mitran.

Instructor: Dr. C



Continuous Random Variables

o We saw random variables where the set of all possible outcomes was
discrete.

o In some cases, a random variable can take a continuum of values (e.g.,
time at which a train arrives, voltage across a resistor, etc)

7

o Definition: We say that X is a continuous random variable, if
there is a non-negative function fx(x) such that

PIX € B] = /fo(x) do

fx(z) is called probability density function (pdf).

o This is similar to mass density: if p(z) is known, the density of mass in
kg/ m? at every point = € R?, the mass inside any volume V is:

m(V) = mass in volume V = / / /V o(z) do
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Continuous Random Variables (cont.)

o fx(z) is similar to the mass densoty, except it measures the density of
probability, not mass.

@ Since X must take some value, we have:

1= P[X € (—00,00)] = /_oo Fx (2) dz

o Note: Say X has units of kg. Since dz has units of kg, fx(z) has

units of kg~?.




Probability Density Function

o Once we know fx(z), all probability statements about X can be
answered.

© P[X € [a,b]] = [} fx(w)da

Q@ P[X =da]=P[X €[a,a]] = [ fx(z)dz =0
@ Fx(a) = P[X <a] = P[X € (—oc0,d]] = ffoo fx(z)dx
fo[x)

Q fx(a)=dFx(a)/da
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e Say X has pdf given by

Cr—22%) 0<z<?2
Ix(z) = ( )
0 else

for some constant C. Find C' and P[X > 1].

o Solution: Since the pdf must integrate to 1, then

o5} 2 2
1= / fx(x)de =C / (4z — 22°) dz = C {21:2 - %x?’} =C -
—oo 0 0

w] oo

and, therefore, C' = 3/8. Also,

PIX >1]= /Oofx(a:)da:: 0/2(4m—2362)da: =C {2$2 - §x3]
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Another example

@ The lifetime of a drive in months is a random variable with pdf

Ae—z/lOO x>0
xr) = -
Jx(@) {0 z <0

for some constant A. What is the probability that it functions for
between 50 and 150 months?

o Solution: The pdf of X must integrate to 1, which suggests that
1= / fx(@)da = A/ e /10 g — [—100 e*”/wo]w = \(0—(—100))
— oo 0 0

and, therefore, A = 0.01. Consequently,

150 150 1 —2/100
P[50 < X < 150] = fx(z)dx = — do =
50 50 100

=e % _ 732 2 0.383
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Yet another example

o Let X have pdf fx(z), and Y = 2X. What is fy(y)?
o Solution:

Fy(a) = P[Y <a] = P2X <a] = P[X < %] = Fx (%)
and
i = gorx (3) =15 (5) 5

@ Note that

/j:ofy(u)du:/j:o %fx (%) du:/j:ofx(v)dvzl

where we used v = u/2, with dv = du/2.
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Expectation of Continuous RV

e For a continuous random variable X, we define its expectation as

BIX] = /: 2fx (0)d

o For instance, if fx(z) is given by

Fx(@) 2 0<zx<1
xr) =
X 0  otherwise

then

EX] = /OO zfx(z)dr = /12352511: _2

—o00 0 3
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o Let X have pdf

0 otherwise

fX(:r)_{1 0<z<1

Find E[e™].

o Solution: Let Y = e*. Lets determine fy (y) by first determining the
CDF Fy(y). Since X ranges from 0 to 1, Y = e* ranges from 1 to e.
So, for 1 <y < e, we have

Iny

Fy(y) = PlY <y] =Pl <y]=P[X <Iny] = | fx(@)dz =y

o Consequently, fy(y) = dFy(y)/dy =1/y, for 1 <y <e.

e Note that Y cannot take values outside this interval, so outside this
interval fy (y) = 0. Hence,

E[Y]:/m yfy(y)dy:/lgyédy:efl

—o0
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Expectation of Continuous RV (cont.)

e For a continuous random variable X, we define

7

Blg(X)] = / o(@) fx (@) de

—o0

\

Thus, in the previous example,
oo 1
E[eX]:/ ezfx(a:)da;:/ efdr=e—1
—o0 0

o If X is a non-negative random variable, then

= / P[X > z]dz
0
Indeed, we have

/ PY>y]dy—/ {/ fr(u du}dy—/ooo/yoofy(u)dudy:
/ / Fy(u dydu—/ [/0 dy} Fr(u )du:/oooufy(u)du:E[Y}
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Scaling rules for ;1 and o2

e For a continuous random variable X, we have

| E[aX +b] = aB[X] + b]

Indeed,

oo oo

ElaX +b] = / (ax 4+ b) fx (x)dx = a/ zfx(z)dz+

— 00 — 00

—|—b/Oo fx(x)dz =aE[X]+b

o For the variance 0® = Var(X) of X, one has

‘ Var[aX + b = a®Var[X]

with
o = Var[X] = E[(X — E[X])*] = E[X"] - (E[X])?
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e Find Var[X] if

0 otherwise

fx(m)_{zx 0<z<1

o Solution: We have already seen that, in this case, u = 2/3. Thus,

VarlX] = B[(X - 2/3)") = B |X* - {x+ 5] =
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Common continuous random variables

o Uniform random variables: We say X is uniform on the interval
(a,b), denoted X ~ U(a,b), if

fx(m):{bia a<z<b

0 else

o In this case, the CDF of X is given by
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Uniform RV

£,

X

Note that if X has units of kg, then a and b have units of kg, and 1/(b — a)

has units kg~!.
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e Let Y ~ U(0,10). Find P[Y < 3] and P[6 <Y < 12].

o Solution: We are given

o Consequently,

3 3
PlY <3| = fy(y)dy=/0 Logy=3
and

12 10 1 4
Po<y<iz= [ fwdy= [ j5du=1g
6

6
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Another example

o Let X ~U(a,b). Find E[X] and Var[X].
o Solution: We are given

_1
fx(x)—{b_a a<zx<b

0 else

o Consequently,

E[X]:/Ooa;fx(x)dx:/b z _1¥*—a®  a+b

. o b—a YT —a T 2
and
Var[X] = E[X?] — (E[X])* = /°° ® fx (z)de — (E[X])* =
_/b z2 d a+b 2_11)37@3 a+b 2_
7ab—am_<2)73b—a_<2)i

_1 2 2y a+b 2_i N2
—3(b +ab+a”) ( 5 > —12(6 a)
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Another example

@ Buses arrive at a stop at 7:00, 7:15 and 7:30. If a person arrives bet-
ween 7:00 and 7:30 uniformly, what is probability that they wait less
than 5 minutes?

o Solution: Let X be # minutes past 7:00 that person arrives at stop.
Then X ~ U(0, 30).

@ Then we have

P[wait less than 5 min] = P[{10 < X < 15} U {25 < X < 30}] =

15 4 30 4
= —dm—i—/ —dr=1/3
/10 30 o5 930
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Normal (Gaussian) random variables

e X is said to be normal (or normally distributed) with parameters u

and o2 if
1 (@—p)?
fx(@) = —Fo—e 27
yi¥ea

\

This is denoted X ~ N (1, 0?).
£,

|

{Zao |7 e '

AT //‘ /ﬂlfo‘

o The area under fx(x) can be verified to be equal to 1.

o Note that, since X has units kg, then p has units of kg as well. Thus,
(x — p)?/20” must be unit-less for the exponential to make sense.




Normal (Gaussian) random variables (cont.)

Proposition: If X ~ N (i, 0?), then Y = aX + b is N (ap+b, a’c?). ]

e To see that, assume a > 0 (a < 0 is similar).

Fy(u)=P[Y <u]=PlaX +b<u] =

= P[X < (u—b)/a] = Fx (u—b>

a

o Consequently,

Friw = R = L (M20) < g (M20) 1

a a

1 ox _(“74’—#)2 _ 1 ox _(u—b—ap)*
V2mao P 202 2rac P 2(ao)?

Therefore, Y ~ N (ap + b, a*c?).
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o Let X ~ N (u,0?%). Find the distribution of Z = (X — p)/o.

o Solution:

X — 1
7z = H_Zx_F
o o o
Substituting a = 1/0 and b = —p /0 into the previous proposition, we

obtain
Z ~ N(ap +b,a°c?)

with ap 4+ b = 0 and a®0? = 1. Thus, Z ~ N(0,1).

7

e Definition: A random variable that is A'(0, 1) is called a stan-
dard normal or standard Gaussian random variable.




o Let X ~ N (i,0?). Find E[X] and Var[X].
o Solution: Let Z = (X — u)/o. Then Z ~ N(0,1) and X = 0Z + p.

o Consequently, we have

o 1 o -1 o
E[Z] =/ z2fz(z)dz = E/ ze* Pdy = Wors 67z2/2’7m =0

and
1 > 2

VarZ:EZz—EZQ:EZ2:—/ 22 dy =
[Z] = E[Z7] — (E[Z]) [Z7] Nl

- - z~zez/2z:—{uv|io */oovdu]:
V2T J oo ﬁ/_’ 2 o —oo

1 —22/2 > / —22/2 :| 1 —22/2

= — e dz| = — dz=1
\/277[ —oo oo V2T o
o Thus,

EX]|=ElcZ+pl=cE[Z]+p=p
Var|X] = VarloZ 4+ y) = c*Var|Z] = °
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CDF of Normal Random Variables

e For a N(0,1) distribution, its CDF is defined as

d(z) = \/%/ e 2y

o It is also customary to defined its Q-function as

_ L [T e
Qx) = \/%/z e du

e Note that
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Error Function

@ There is also the so-called error function that is defined as

erf(z \F/ e’ dv_f/\fw e 2 du —2[\/7/\f:lc ”2/2d]

1 0 —12/2 /fz - 2/2
-9 L du _|_7 u _
V2m J_ V2T

—9 {—% + @(ﬂz)] — 23(v/2z) - 1
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=
o
o
o

x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.51994 0.52392 0.52790 0.53188 0.53586
0.1 0.53983 0.54380 0.54776 0.55172 0.55567 0.55962 0.56356 0.56749 0.57142 0.57535
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.59871 0.60257 0.60642 0.61026 0.61409
0.3 0.61791 0.62172 0.62552 0.62930 0.63307 0.63683 0.64058 0.64431 0.64803 0.65173
0.4 0.65542 0.65910 0.66276 0.66640 0.67003 0.67364 0.67724 0.68082 0.68439 0.68793
0.5 0.69146 0.69497 0.69847 0.70194 0.70540 0.70884 0.71226 0.71566 0.71904 0.72240
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.74215 0.74537 0.74857 0.75175 0.75490
0.7 0.75804 0.76115 0.76424 0.76730 0.77035 077337 0.77637 0.77935 0.78230 0.78524
0.8 0.78814 0.79103 0.79389 0.79673 0.79955 0.80234 0.80511 0.80785 0.81057 0.81327
0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.82894 0.83147 0.83398 0.83646 0.83891
1.0 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 0.85769 0.85993 0.86214
1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 0.87900 0.88100 0.88298
1.2 0.88493 0.88686 0.88877 0.89065 0.89251 0.89435 0.89617 0.89796 0.89973 0.90147
1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.91149 0.91309 0.91466 0.91621 0.91774
1.4 0.91924 0.92073 0.92220 0.92364 0.92507 0.92647 092785 0.92922 0.93056 0.93189
1.5 093319 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408
1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.95053 095154 0.95254 0.95352 0.95449
1.7 0.95543 0.95637 0.95728 0.95818 0.95907 0.95994 0.96080 0.96164 0.96246 0.96327
1.8 0.96407 0.96485 0.96562 0.96638 0.96712 0.96784 0.96856 0.96926 0.96995 0.97062
1.9 0.97128 0.97193 0.97257 0.97320 0.97381 0.97441 0.97500 0.97558 0.97615 0.97670
2.0 0.97725 0.97778 0.97831 0.97882 0.97932 0.97982 0.98030 0.98077 0.98124 0.98169
2.1 0.98214 0.98257 0.98300 0.98341 0.98382 0.98422 0.98461 0.98500 0.98537 0.98574
2.2 0.98610 0.98645 0.98679 0.98713 0.98745 0.98778 0.98809 0.98840 0.98870 0.98899
2.3 0.98928 0.98956 0.98983 0.99010 0.99036 0.99061 0.99086 0.99111 0.99134 0.99158
2.4 0.99180 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 0.99324 0.99343 0.99361
2.5 0.99379 0.99396 0.99413 0.99430 0.99446 0.99461 0.99477 0.99492 0.99506 0.99520
2.6 0.99534 0.99547 0.99560 0.99573 0.99585 0.99598 0.99609 0.99621 0.99632 0.99643
2.7 0.99653 0.99664 0.99674 0.99683 0.99693 0.99702 0.99711 0.99720 0.99728 0.99736
2.8 0.99744 0.99752 0.99760 0.99767 0.99774 0.99781 0.99788 0.99795 0.99801 0.99807
2.9 0.99813 0.99819 0.99825 0.99831 0.99836 0.99841 0.99846 0.99851 0.99856 0.99861
3.0 0.99865 0.99869 0.99874 0.99878 0.99882 0.99886 0.99889 0.99893 0.99896 0.99900
3.1 0.99903 0.99906 0.99910 0.99913 0.99916 0.99918 0.99921 0.99924 0.99926 0.99929
3.2 0.99931 0.99934 0.99936 0.99938 0.99940 0.99942 0.99944 0.99946 0.99948 0.99950
3.3 0.99952 0.99953 0.99955 0.99957 0.99958 0.99960 0.99961 0.99962 0.99964 0.99965
3.4 0.99966 0.99968 0.99969 0.99970 0.99971 0.99972 0.99973 0.99974 0.99975 0.99976




Use of Standardization

o What if we want the CDF of a Gaussian random variable other than

N(0,1)?
@ These can be expressed in terms of @(-).

o Indeed, we already know that if X ~ N(u,0?), then

is N(0,1).

o Consequently,
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e Let X ~N(3,9). Compute P[2 < X < 5].

o Solution:

P[2<X<5}:P{2_3 X3 5_3}:P[1 2}:

_Z<z<Z
3<3<3 <4<

o) -o(1)-0(3) oo ()] o

(The nearest values from the table give 0.37787.)
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Another example

o If test grades in a course follow an N(u,o?) distribution, what is the
probability that a random student is at least one o above the mean u?

o Solution: Let X ~ N (i,0?). Then

X—p_ pto—p

PX>p+o]=P
o o

=P[Z>1]=1-®(1) = 0.15866
o Although not asked, in addition we have
P[X < p— o] = 0.15866

Plp < X < p+o0]~0.34134
P[X > p+ 20] ~ 0.02275
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Yet another example

e In finance, the Value At Risk (VAR) of an investment is the value v
such that there is only a 1% chance that the investment will lose more
than v > 0.

o The gain from an investment is X ~ N (i, 0%), what is the VAR?

o Solution: We are looking v > 0 such that P[X < —v] = 0.01. Then
there is a 1% chance we will lose more than v.

0.0l = P[X < —v] =P M<ﬂ}:p[z<ﬂ]
g g g

e Note that if Z ~ N(0,1) and a > 0 is such that P[Z < —a] = 0.01,
then P[Z > a] = 0.01 or, equivalently, P[Z < a] = 0.99 = ®(a). So,
a=®"1(0.99) = 2.33.

o Finally, setting (—v — u)/o to —a = —2.33, we get

v=2330c—pn




Common continuous random variables (cont.)

o Definition: A random variable X with pdf

-z
Fx(2) = {)\e z>0

0 else

is called exponential with parameter A > 0 and denoted X ~ Exp(}).

o Note that if X has units of kg, then Az must be unit-less for exp(—Ax)

to make sense, suggesting that X\ has units kg~ '.

o The CDF of an exponential X is given by

e ¢>0

Fx(a):[ fx(u)du:{(l) P

with Fx(c0) = 1.
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Exponential distribution

£
Pl
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Exponential distribution (cont.)

o What are E[X] and Var[X] of X ~ Exp(\)?

E[X"] = / 2" fx(z)dx = /o " e Mdx
= |uv|® — vdu| = | —zme ™" = [ e Pmng"ldz| =
? 0 0 0

= %/O 2" e Mde = BIX")

o Accordingly, since E[X°] = E[1] = 1, we have

e Hence
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@ Say the length of time someone uses an ATM machine is an exponen-

tial random variable with A = 1/3 min~?.

o If someone arrives at the ATM just before you, what is the probability
that you wait more than 3 min?

P[X >3] =1- Fx(3) = exp(—3)\) = exp(—1) =~ 0.36788
o And what is the probability that you wait between 3 and 6 min?

P[3 < X < 6] = Fx(6) — Fx(3) = exp(—1) — exp(—2) ~ 0.23254
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Memoryless Random Variables

Definition: A non-negative random variable X is called memoryless
ifforall s >0andallt>0

PIX>s+t|X >t]=P[X > s]

In words: The probability of waiting s seconds more given you have
already waited t seconds is the same as waiting s seconds from the
start. In other words, no matter how long you have waited, time to
wait still has the same distribution.

Does Exp(\) have the memoryless property? Let X ~ Exp(\). Then

PX>s+t,X >t PIX >s+t
PX>s+t| X >t]= [ PIX > 1] ]: [P[X>t]]:

e*)\(Sth)

= = = PX >

So, yes — Exp(\) has the memoryless property.
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e Two people are being served by two tellers at a bank. A third person
arrives, and must wait for one of the two tellers. If service times are
exponential with the same parameter A\, what is the probability that
the third person is the last to leave?

o Solution: The third person starts being served as soon as one of the
initial two is finished.

Once this happens, the time to go for remaining person and the third
person has the same distribution Exp(\) due to memoryless property.

By symmetry, each has a probability 1/2 of finishing last.
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Another example

@ A car battery has a lifetime that is exponentially distributed with the
mean of 10,000 km.

o What is the probability of completing a 5000 km trip without replacing
the battery?

o Solution: Let X ~ Exp(\) with A = 10%. Also, let d be the number of
km that battery has been operating for so far.
Since battery has operated for d km so far, we have

P[X >5000+d| X > d] = P[X > 5000] = 1 — Fx(5000) =

= exp(—5000/10000) ~ 0.607

o Had the distribution not been exponential, then we’d have had

PIX > d+5000| X > d] = P[X>dp&5iogix>d} -

_ P[X >d+5000] _1— Fx(d+ 5000)

PIX >d  1- Fx(d)




Distribution of a function of a random variable

o Given a random variable X and Y = g(X), we want to find the
distribution of Y.

@ According to our two-step approach, we first need to calculate
Fy (y) = Plg(X) <yl

and then differentiate to compute

h@:%m@
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o Let X ~U(0,1) and Y = vX. Find Fy(y) and fy ().

o Solution: For y > 0, we have

Fy(y) = PlY <y] = P[VX <y| = P[X <y’] = Fx(y°) =

y? for0<y<1
1 forl<y

@ Since Y cannot be negative, Fy (y) = 0 for y < 0. Therefore,

0 fory<O
Fy(y)=qy* for0<y<1
1 forl<y
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Example (cont.)

o Finally, differentiating w. r. t. y, we get

d 0 fory<O
fry)=—Fy(y) =12y for0<y<1
dy
0 forl<y
R
i ———————— 1
I
ol —;_ LJ' 'La’
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Another example

o Let Y = X?. What is fy(y) in terms of fx(z)?

Solution: For y > 0, we have
Fy(y)=PY <y =P[X* <y| =Py < X <y =
= Fx(Vy) — Fx(=Vy)

o Consequently,

P (0) = 4 P ) = PN (Vi) = 2o Pe(=i) =
= (WD~ (V) s = g (X (V) + fx(-vE)

For y < 0, we have
Fy(y) = P[X* <y] =0

and, therefore, fy(y) =0
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More examples

o Let Y = |X|. What is fy(y) in terms of fx(z)?

o Solution: For y > 0, we have
Fy(y)=PY <y]=P[|X|<y]=Pl-y< X <y|=

= Fx(y) — Fx(~y)

o Hence,

@) = Lr) = Lre(y) - Lry(—y) =

=%
= fx(y) + fx(~y)

e For y <0, P[|X|<y] =0, and so fy(y) =0.
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Final (important) example
o Let Y =aX +b. What is fy(y) in terms of fx(z)?

o Solution: If a > 0, we have
Fy(y):P[YSy}:P[aX+b§y]:P{XS—} = Fx (y_b)
a

and hence

fry) = d%Fy(y) - %Fx <y—b) 1 (y_b)

a

o On the other hand, if a < 0, we have

FY(y):P[YSy}:P[aX+b§y}:P{X2 y*b] :1_P[X<y74)}

oot (12)

a

and hence

fr(y) = d%Fy(y) = diy (1 — Fx (yT_b> ) — —éfx (y;b)
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Final (important) example (cont.)

@ Since a was negative in the second case, both cases can be combined
into a single expression:

o) =t (150

which makes sense, since the probability density cannot be negative!

e To summarize: if X ~ fx(x), then Y = aX + b is distributed

with
) = 17 ( ”)
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Transformation of random variables

~

o Theorem: Let X be a continuous random variable with pdf
fx(z). Let g(z) be differentiable and either strictly increasing
or strictly decreasing. Then Y = g(X) has pdf

g gfl(y)’ , if y = g(x) for some z

fr () = {fX (') |4

0, else

o To understand how it works, consider the case that g(z) is strictly
increasing. Say y = g(z) for some z. Then

Fy(y) = Plg(X) <yl =P[X <g ' ()] = Fx(9~'(v))
and hence

Fry) = g Frv) = @Fx(g’l(y)) = fx(gfl(y))@g’l(y)

Instructor: Dr. O. Michailovich, 2022




Transformation of random variables

o If there is no x such that y = g(z), then either:
@ y is less than all possible values of g(z)

@ y is greater than all possible values of g(z)
e Then, Plg(X) < y] is either 0 or 1.

e Either way, fy(y) = 0.

Instructor: Dr. O. Michailovich, 2022



