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Problem 1

Alice and Bob have a pair of biased coins:

Plhh] =02  P[ht] =0.3

Let

A = {first coin is heads}

B = {second coin is heads}

a) Are the events {hh}, {ht},{th}, {tt} independent?
b) Are the events A and B independent?

¢) Can you find two events that are independent (other than the trivial case of
() and S)?
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Problem 1 - Solution

a) No, they are not. If I know hh has occured, T know that it has not oc-
cured. So hh and At are not independent. So the 4 events are not independent.
Specifically:

Phh]P[ht] = 0.2 x 0.3 # 0 = P[{hh} N {At}]

b) No.

P[A] =02+0.3
P[B]=02+0.3

but P[A]P[B] = 0.5 x 0.5 # 0.2 = P[AB] = P[hh).
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Problem 1 - Solution

c)Let C' = {ht,hh} and D = {hh,tt}. Then
P[C|P[D] =0.5 x 0.4 =0.2= P[hh] = P[CD]
Also, note that

P[C|D] = P[CD]/P[D] = 0.2/0.4 = 0.5 = P[C]
P[D|C] = P[CD]/P[C] = 0.2/0.5 = 0.4 = P[D]
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N S
Problem 2

= |n a factory, units are manufactured by machines H,,H,,H; in the proportions 25, 35, and
40. The percentages are 5%, 4%, and 2%, respectively, of the manufactured units that are
defective. The units are mixed and sent to the customers.

a) Find the probability that a randomly chosen unit is defective.

b) Suppose that a customer discovers that a certain unit is defective. What is the probability
that it has been manufactured by machine H,?
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Problem 2 - Solution

= In a factory, units are manufactured by machines H,,H,,H; in the proportions 25, 35, and 40. The
percentages are 5%, 4%, and 2%, respectively, of the manufactured units that are defective. The units
are mixed and sent to the customers. (a) Find the probability that a randomly chosen unit is defective.
(b) Suppose that a customer discovers that a certain unit is defective. What is the probability that it
has been manufactured by machine H,?

= a) The law of total probability:

H,; = “unit produced by machine H;" A="unit is defective”

P(A) =) P(H,)P(AH,) P(A)=0.25-0.05+0.35-0.04 +0.40 - 0.02 = 0.0345.

= D) Bayes’ Theorem

P(H,)P(AH,) 0.25-0.05
14) = P(H)|A) = = 0.36
PULA) = = ) = 25 0,05 1+ 0.35-0.04 1 040 0.02
ZP(H (A|H;)
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N S
Problem 3

= Suppose A and B are independent events. Does it follow that A and B¢ are also
independent? That is, does P(AB) = P(A)P(B) guarantee that P(A°B¢) = P(A®)P(B°¢)?
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N S
Problem 3 - Solution

= Suppose A and B are independent events. Does it follow that A and B¢ are also
Independent? That is, does P(AB) = P(A)P(B) guarantee that P(A°B°) = P(A®)P(B¢)?

= The answer is yes, the proof being accomplished by equating two different expressions for
P(A°B°). First, we know that

P(A“U B°) = P(A°) + P(B“) — P(A°B")
But the union of two complement is also the complement of their intersection. Therefore,
P(A°UB)=1—- P(AB)
Combining the two equations above, we get

1—-PAB)=1—-P(A)+1— P(B) — P(A°B“)
Since A and B are independent, P(AB) = P(A) - P(B), so

P(A°B®) = 1-P(A)+1— P(B)—(1— P(A)P(B))
(1—=P(A)(1—-P(B))
—  P(A°)P(B°)
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N S
Problem 4

Suppose you have a hypothesis H. So either A or H occurs,

H = {there is a plane in the sky}
You now observe event £y occurs and know prior P|H| and both P[E;|H]
and P[E;|H®].
a) What is posterior P[H |E1] in terms of what you know?

b) Now suppose you observe that £ also occured. What is posterior P[H | E E»]?

¢) Suppose that /27 and Fs are i) conditionally independent given /1, and ii)

conditionally independent given H¢. Express the posterior P[H |F; E>] in
terms of P[H|E].
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Problem 4 - Solution

= a) Deriving Baye’s rule from first principles:

P HE,]

PIHIE] =

_ PlEA|[H]PH]
~ P[E||H|P[H] + P[E |H]P[H"]

b) This is the same as a), except we replace 77 with Fo Fy:

P|E>E|H|\PH|

P[H|Ey By = ——— - -
P[EgEl\H}P[H} - P{EQEHH’}P[H"}
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Problem 4 - Solution

P[E>Ey|H] = P[E>|H|P[E; |H]
P[E>E,|H] = P[E>|H|P[E; |H]

So

PlE>EL|H|P[H|
PlE,E,|H|P[H| + P[EyEy |HC|PHC|
P[Es|H|P[Ey |H]P[H]
PIES|H|PEVH|PH] + P[Es|HC|PE [ H | PIH]

P[E.\|H|P[H
P[E,|H] l|[E]d[ ]

E H E H He¢
{EQ‘H} LI{ ]}[ }_I_P[EQ‘HC} 11|3[E}1][ ]

PE;H]PIH|E]
PEy|H|PIH|EA] + P{Eo|H|PH®|E|

P[H|E,E] =
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Problem 4 - Solution

Basically, same as Baye’s rule, but:

* P[E;|H] replaced with P[Es|H] (since we want to incorporate effect
of event E»)

* P[H]replaced with P[H |, ]

This technique lets you update in an “online’ manner the probability of H as
observations £, Es, Es, ... are collected. You just update your last posterior
probability P|H|E - - - E,,—1] by applying Baye’s rule with P[H |E - - - E),_1]
as your prior and P[F,, |H] and P|E,,|H¢].
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