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Problem 1

Suppose a normal rv X is such that

P[X <5]=P[X > 15] = %P[X < 10].

Find the distribution of X.
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Problem 1 - Solution

First, note that since the pdf of a normal rv X is

f ( ) 1 (x—p)?
x\Ir) = € 252
V2mo

the pdf is symmetric about its mean /.

fxf’)&) A

I Same area

by symmetry
////

M :0._ ,M /ulf-ag

So, therefore, if 1 is the mean of X, then
PX <p—a]l=PX > pu+d
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N S
Problem 1 - Solution

[h—a =295
w4+ a=15

and hence p = 10.

Also, P[X < 10] = P[X < yu] = 1/2. Therefore P[X > 15] = 1P[X <
10] = 1/4.
Finally,
X — 15 —
P[X>15}:P[ 1 “]
o o
15 —
R ( 5 pz)
o

= 0.25

So, d(L24) = (.75. Using the ® table, 2= = 0.67
Since p = 10, then o = 7.46

X ~ N(10,7.46%)
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N S
Problem 2

Let X ~ N(0,1)and Z = /| X|. What is the pdf of Z?
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N S
Problem 2 - Solution

Note that 7 is non-negative, so P[Z < a] = 0 for a < 0. That

leaves the case of a > 0:

P[Z < a] = P[\/|X]| < d] Therefore, for a > 0:
= P[IX| < a”] @
a) = —P|Z <a
ey Iz i 7 <a
=1 - P[X < —a’] - P[X > d” = = (1-20(—a?)
2
=1—-2P[X < —a”] d L 1 —a e
=1 —2P[X < —a?] =\ \/—Q_W._me U
=1 —2d(—a? _9 ‘
(=) =7 e~ /2 % —2q
V2w
_ 2\\/@@6 at /2
m
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Problem 2 - Solution

And, for a < 0:

d d
fz(a) = daP[Z al = @0 =0
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N S
Problem 3

The time 1" for a server to process a job has pdf

% 0<t<tg
0 else

The revenue from processing the job is R = min(1, 2% ).

27T
What is the cdf of R?
2 s o
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Problem 3 - Solution

Lets first plot the relationship between 7" and R:

R:mrh (1 60) ._é_"’—.

' 2T 2T
\ / l 1
N\ |
4 /
\ i
1 SIS S A
1 V ‘
- - - e
2
I i
0 ' l T
to €,
Z

Since R = min(1, 5—0T) < 1,then Fr(r) =P[R <r]=1forr > 1.

From the graph, since 0 < 7' < # then £ < R < 1. So Fp(r) = P[R <
r] =0 forr <1/2.
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Problem 3 - Solution

So we now only consider that 1/2 < r < 1. From the graph, for 1/2 < r < 1
the events { R < r} and {3% < r} are the same:

Fr(r)= P[R <7]

) ) Note that
=P t—oﬁ?“ it
:2T : P[Tg ﬂ :/ fT(u.) du
— P th—o o
27“_ 0 tSO
—1—P T<;—D :<t/t0 0<t <ty
: " 1 <t
=1—P Tgt—o
27 |
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N S
Problem 3 - Solution

So,for 2 <r<1lwehavel < % <2and & < £ < ;. Therefore

Fﬂﬂzl—Pkgfq

2r
to 1
Wl
2r to
1
S
2r

Combining it all:

0 rg%
Fr(r)=<{1-5+ 1<r<i
1 1 <r
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N S
Problem 4

Let the joint pdf of X and Y be given by

c(l—ay) 0<2<2,0<y<2,2y<1
fxv(z,y) =
0 else
a) What is ¢?
b) What is P[X > 1]?
c) Whatis P[X > Y?
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PrOhlem 4 - SOIUtion a) Sketching a figure is always a good idea:

1—/ fxv(x,y)dxedy

1/2 1/
= c/ / (1 —ay)dydr + ¢ / (1 — xy)dydx
0 J1/2Jo

-1/2 y=2 9 oqy=1/x
/ ol 12 /
=c| - drref -
70 y=0 J1/2 y=0
UNIVERSITY OF
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Problem 4 - Solution

/2 2 1 1
:c/ [Q—Qx}dm—l—c/ [———]daj
J0 1/2 21

{23:—3:}/ + = [llliﬁﬁ/g

—0><3+(=1112
=X .

Soc=(3/4+1n2) !
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Problem 4 - Solution

b)

PX >1] = / | fxv(x,y)dxdy

1
1/x
= / / (1 —xy)dydx
r=1
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Problem 4 - Solution

¢) Hard way:

PIX>Y]|= / | fxy (x,y)dady

JJr>y

:/ / fxy (x, y)dydr
JO JO

1 px 2 rl/x
= c/ / (1 — xy)dydr + c/ / (1 — xy)dydx
Jo Jo J1 Jo

X] since * = y has 0 area in x — y plane
Y

] by symmetry of pdf w.r.t. v =y
So PIX >Y|=1/2.
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