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N S
Problem 1

Let the joint pdf of X and Y be given by

c(l—ay) 0<2<2,0<y<2,2y<1
fxv(z,y) =
0 else
a) What is ¢?
b) What is P[X > 1]?
c) Whatis P[X > Y?
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PrOblem 1 - SOIUtion a) Sketching a figure is always a good idea:

1—/ fxv(x,y)dxedy

1/2 1/
= c/ / (1 —ay)dydr + ¢ / (1 — xy)dydx
0 J1/2Jo

1/2 97 Y= .9 oqy=1/x
:c/ [1—%] d:r+c/ [y—%] dx
Jo 2 1,0 J1y2 2 Jy=0
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Problem 1 - Solution

/2 2 1 1
:c/ [Q—Qx}dm—l—c/ [———]daj
J0 1/2 21

{23:—3:}/ + = [llliﬁﬁ/g

—0><3+(=1112
=X .

Soc=(3/4+1n2) !
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Problem 1 - Solution

b)

PX >1] = / | fxv(x,y)dxdy

1
1/x
= / / (1 —xy)dydx
r=1
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Problem 1 - Solution

¢) Hard way:

PIX>Y]|= / | fxy (x,y)dady

JJr>y

:/ / fxy (x, y)dydr
JO JO

1 px 2 rl/x
= c/ / (1 — xy)dydr + c/ / (1 — xy)dydx
Jo Jo J1 Jo

X] since * = y has 0 area in x — y plane
Y

] by symmetry of pdf w.r.t. v =y
So PIX >Y|=1/2.
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N S
Problem 2

Let X ~ U(1,2)and Y ~ U(0, 1) be independent rvs. Let

7 =X
What is the pdf of Z?
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Problem 2 - Solution

+
1.._ -
NE
o
xt=1

The joint pdf of X and Y is

fxv(z,y) = fx(z) - fy(y) =1-1=1 on]l,2] x [0,1]  Since they are independent

1 1 <x<2,0<y<1
fXY (I: U) =
0 else
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N S
Problem 2 - Solution

Note that Z must be between 1 (when Y = Oor X = 1) and 2 (when X =

2.Y =1). So
0 z2<1
Fy(z) = _
1 z2>2
This leaves the case that 1 < z < 2:
P|Z < 2] = P[XY < 7] PlZ <z = // fxv(x,y)dedy
r.y)eB
—P[YInX <1zl e
In =z / / Ldydx + 1dqdr’
PD/ < lllX} 0 0
B 2 1nz .
Let =l zlnr(r
A = {(;[?5 y) € RQ‘ 1<2<20<y< 1} This integral can’t be simplified further. To get the pdf,
In =
B—{(ry€4q_ } d 0 z<1
Iz f2(2) = +Fy(2) =
dz 0 2>2
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N S
Problem 2 - Solution

Forl <z < 2:
d
)= —Fz(2
fz(2) = —Fz(2)
d 2 nz
— z—1 1:
dz [ +/,_, ln;r(r]
d [*ln=z
=1 1:
dz J. In r( ’
Inz d 2 d Inz
=1- 1 ‘ z i dx by Leibniz’s rule
Inz  d= . dzlnx

/w mdl’ l
b(z)
a‘% ( f BLC dt)
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N S
Problem 3

Let X and Y be the outcomes of rolling a fair 4-sided and a fair 6-sided die. The
rolls are independent. Let Z = X +Y. What is the PMF of Z?
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Problem 3 - Solution

0 else
) 1/6 k=1,..., §)
Py =
0 else

- i PIX =kY =n—F
k=—o0
- i P[X =KP[Y =n—k
k=—o00
4
=) PIX =KPY =n—F [since X € {1,2,3,4}]
k=1
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Problem 3 - Solution

— PIX = 1]JP[Y = n — 1]

+PIX = 2]P[Y =n—2

+PIX =3|P[Y =n—3

+ P[X = 4]P[Y =n — 4]

1 1
:ZP[Y—n—l]—I—ZP[Y:n—Q}

+iPW:n—$+iPW:n—ﬂ

WATERLGO | Fems

Tutorial 8 - ECE 203 PAGE 13



N S
Problem 3 - Solution

If n <1, then sum is 0.

If n =2, then sum is 4+ = 5
If n = 3, then sum is %
If n = 4, then sum is %
If n = 5, then sum is 24—4
If n = 6, then sum is 24—4
If n = 7, then sum is 24—4
If n = 8, then sum is %
If n =9, then sum is %

If n = 10, then sum is 3

If n > 11, then sumis 0
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N S
Problem 4

Let X1,..., X, are independent with X, ~ N (., 03).
Atz = a1 Xq +b1,....72, = anX, + by, show that Z1,...,Z, are
independent. [Assume ay > 0,...,a, > 0].

b) What is the pdf of Z = (a1 X1 +b1) + -+ + (0, X,, +b,,)?
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Problem 4 - Solution

LetY ~ N(0,1). Since Xj. ~ N(p11.0%):

Fyx, (7)) = P[X), < xy]
(X — e wp— Mc]

O Tl
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Problem 4 - Solution

FZl ..... Zn(-zl,e 3 --‘Z-n) — P[Zl = 2y aZ'n. < ‘Zn]
= P[(Lle + bl = 210 ra"n.X-n + bn < Z‘n]
71 — b Zn — b,
:PX1§¥5---5XNSH
ai ap
_F Z1 — bl “n bn
— Xl ..... Xn """
aq ay
Zl*bl f-’n*bn
el 151 n—tn g
= P D S X oo X P dn Hn
J1 On
— P 21— b= aun e P n — by — anjin
a107 Ay Tp
So Zy,....Z, are independent with Z. ~ N (by. + apur, afaf)
=] UNIVERSITY OF
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Problem 4 - Solution

b) Since Z = Z, +---+ Z,, and Z;.’s are Normal and independent, we apply
Proposition : Z is Normal with

pz=E[Z)]+ -+ E[Z) =) b+ arp
k=1

0} =Var(Zi)+ -+ Var[Z,] =) ajo}
k=1

Recall that Proposition states that if Xq,...,X,, be independent with
Xy ~ N (., o). then:
X=X+ -+ X, is~N(py + -+ ptn, 08 +---+02).
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