ECE 203

Probability Theory and Statistics |
Tutorial 9

July 2025

IIIIIIII



N S
Problem 1

Let X1, X», ... beiid with E[X] = 2 and E[X?] = 5. Let
N ~ Poisson()\) and independent of X, Xo,.. ..

Find E[X X5 - Xn].

Find Var X1 X5 -+ Xy].
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Problem 1 - Solution

We use conditional probability:
Law of Total Expectation

E[X1Xs- Xn] = E[ E[X1 X5+ Xy|N]]

= F X1 Xs-- X,

= EX\|B[X,] - B[X,]
—2X2X . ---X2

— on

= F[X, Xy - Xy|N] =2V

E[X1Xs--- Xy] = E[2V]
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Problem 1 - Solution

Approach 1: We use the Conditional Variance Formula (also called Law of
Total Variance)

Var[X] = E[Var[X|Y]]+ Var] E[X|Y]] with X = XXy Xy
Y =N
Var| E[X|Y]] = Var[2"]
= E[(2")?] - (B[2™])
= E[4"] - (E[2"])°

]
(XY= (EIX[Y])?
(XPX5 - Xy|N] = (B[X1 Xy - Xn|N] )
= B[X7X5 - XX[N] - (2Y)°
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Problem 1 - Solution

E[X{X3- X% |N =n]
= E[X{X5 - X2|N = n)]
= E[X]X5 - X
= BIXT]B[X;] -+ BIX]

mn
— 571

= F[X?X3 - X%|N] =5

= E|Var(X|Y]]

— E[5N o 4N}
D N A
Combining
Var[X] = e BN (63/\ _ €2>\) _ AN p2x
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Problem 1 - Solution

Approach 2: More direct calculation

Var(X] = E[X?] - (E[X))’
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N S
Problem 2

Let (X, Y) be jointly Gaussian with mean vector 4 = 0 and
covariance matrix

v O'gf POXOY
POXOY 0'32/
Let
U=X+42Y
V=2X+4+Y

a) What are C'ov| X, Y| and K[ XY]?
b) What is the correlation p(U, V')?
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N S
Problem 2 - Solution

a) —0 =0
CovlX.Y EXY| - FEX|FEY
b pix. vy = CoY]  BIXY] - BIXTE[Y]

OX0y OxOy

= Cov[X,Y] = poxoy
E[XY} — POXOY

b) We want
Cov|U.V
DU V) = U,V
\/ Var|U|Var[V]
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Problem 2 - Solution
Cov|U.V|=EUV] - E[U|E|V]
(X 4+2Y)(2X +Y)] — E[X +2Y]E[Y + 2X]
2X? +5XY +2Y? —0x0
E[X | +5E[XY] + 2E[YV?]
—|— DPox oy + QUY

= B
= B

I
N

Var[U] = E[U?] - (E[U])?

= E[(X +2Y)?] — (E[X +2Y]))?
— E[X? +4XY 4 4Y?] - 0?

— 0% +4poxoy + 4ot

Var[V] = E[VZ] - (E[V])?

E[(2X +Y)?] — (E[2X +Y])?
E[4X2 +4XY + Yﬂ —0?
4o

+ dpox oy + O'Y
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N S
Problem 3

Let X1, Xo,..., X,, be independent and ~ N (0, 1). Let

Y = (11X1 + G,QXQ i anX'n
Z=0X1+bXo+- - +b,X,

Find CovlY, Z].
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Problem 3 - Solution
Zaka Z mem]

m=1

= Z Z Cov|arXi, bmXom]

k=1m=1

— i: i: CL,ICCO‘U {Xk ban-n'z]

k=1m=1

= Z Z CL,Lme,COl‘ Xk X‘m]

—1m=1

CovlY, Z] = Cov

Since X1, X, ..., X, are independent, Cov[ X}, X,,] = 0 when k # m;:

Cov [Y Z} = Z Z aksb?nCOU[Xk: X?n]

k=1 Lm=1

— 5 b, Cov [Xk X*m}
k=1 Lm=k i
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Problem 3 - Solution

= arbCov[ Xy, Xy]

k=1

= Z arbiVar {Xd

k=1

T
= E a,;fbk
k=1
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N S
Problem 4

Two particles are positioned on a line with random and
independent positions

X1 ~ N(0,1)
Xo~U(-1,1)
Find E[(X; + Xo)?].
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Problem 4 - Solution

E[(X) + X2)%] = B[X} + 3X7 X + 3X{ X5 + X7
= BIX{] + 3E[X7 X5] + 3[X{ X3] + E[X3)]
= BIX{] +3E[XT|B[Xo] + 3B[X{]BIX3] + BIX3] (2
= E[X]] +3E[X{] x 0+ 3 x 0 x E[X3] + E[X}]
= BIX{] + B[X3)]
—0 (b)

(a) follows because if X; and X, are independent, then E[f(X;)g(Xs)] =
E[f(X1)]Elg(X2)]

(b) follows from

1
1
B[X5] = / T3 X —dw
J -1 2

= since integrand is an odd function
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Problem 4 - Solution

EIX3) = 2o 2y

L

=0 since integrand is an odd function
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