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Instruction:

1. There are 100 marks.

2. This is a written, closed-book exam. Please turn off all electronic media and store them
under your desk.

3. Be neat. Poor presentation will be penalized.

4. No questions will be answered during the exam. If in doubt, state your assumption(s) and
continue.

5. Do not leave during the examination period.

6. Do not stand up until all exams have been picked up.



Question 1 (10 points)
Let C' C R be the solution set of a quadratic inequality
C = {x€R|xTAx+bTx+c§O}

with A € S", b € R, and ¢ € R. Show that C' is convex if A > 0. Is the converse of this statement
true?
Hint: A set is convex if and only if its intersection with an arbitrary line is convex.

Question 2 (15 points)

For each of the following functions determine whether it is convex, concave, quasiconvex, or qua-
siconcave.

(
2. f(x1,22) = 2129 on R |
3. f(x1,22) = 1/(x122) on R,
4. f(x1,22) = 21/22 O RE |
5. f(x1,m9) = 22 /29 on R X Ry .

Question 3 (10 points)

Prove that if f and g are convex, both nondecreasing (or nonincreasing), and positive functions
on an interval, then f - g is convex.

Question 4 (10 points)
1. Define g(x) = f(x) + ¢ + d, where f is convex. Express ¢g* in terms of f* (and ¢, d).

2. Express the conjugate of the perspective of a convex function f in terms of f*.

Question 5 (10 points)

Consider an LP in inequality form,
minimize ¢’
subject to alx <b;, i=1,2,...,m,

in which there is some uncertainty in the parameters a;. In particular, a; are known to lie in given
ellipsoids a; € & = {a; + Piu | ||u|2 < 1}, where P, € R™*". Express this robust LP as a SOCP.



Question 6 (10 points)

Prove that z* = (1,1/2, —1) is optimal for the optimization problem

minimize (1/2)2” Pz +¢'z +r
subject to —1<x; <1, 1=1,2,3,

where
13 12 -2 —22.0
P=| 12 17 6 , o qgq=| —145 |, r=1
-2 6 12 13.0

Question 7 (15 points)

Formulate the following problems as LPs.
1. min ||[Az — b||; subject to ||zl < 1.
2. min ||z||; subject to ||Azx — bl < 1.
3. min||Az — blj1 + ||7cc-

In each problem, A € R™*" and b € R™ are given.

Question 8 (10 points)

Derive a Lagrange dual for the problem

minimize Zgb(n)
i=1
subject to r = Ax — b,

P(u) = {uz’ ul <1

2Aul —1,  |ul > 1.

where

Question 9 (10 points)

Consider the problem

n n

-1
minimize f(x) = Z Y(x; —yi) + A Z(%H — )%,
i=1

=1

where A\ > 0 is a smoothing parameter, 1 is a convex penalty function, and x € R" is the variable.
What is the structure of the Hessian of f7



QUESTION 1

Solution. A set is convex if and only if its intersection with an arbitrary line {#+tv |t €
R} is convex.

(a) We have
&+ t0)TAE +tv) + b7 (B +tv) +c=at® + Bt + v

where i
a=1v" Av, B=0b"v+2:" Av, y=c+b'z+ 27 Az.

The intersection of C with the line defined by # and v is the set
{2 +tv | at® + Bt +~ <0},

which is convex if a@ > 0. This is true for any v, if v7 Av > 0 for all v, i.e., A > 0.
The converse does not hold; for example, take A = -1, b=0, ¢= —1. Then A ¥ 0,
but C = R is convex.

QUESTION 2

(a) f(z) =¢€¢"~1o0nR.
Solution. Strictly convex, and therefore quasiconvex. Also quasiconcave but not
concave,

(b) f(z1,22) = 2122 on R .
Solution. The Hessian of [ is

01
V"'f(z)= [ 1 0 ]v
which is neither positive semidefinite nor negative semidefinite. Therefore, f is
neither convex nor concave. It is quasiconcave, since its superlevel sets

{(z1,22) € RL, | 2122 > @}

are convex. It is not quasiconvex.

(¢) f(z1,22) =1/(z1z2) on RZ .
Solution. The Hessian of f is

1 [ 2@ (za)
Vi@ =0 | Ve  2/a | =0

Therefore, f is convex and quasiconvex. It is not quasiconcave or concave.



(d) f(z1,z2) = z1/x2 on R% ..
Solution. The Hessian of f is

Vii(z) = [ —13;-3 2-:::11//:;3:,’ ]

which is not positive or negative semidefinite. Therefore, f is not convex or concave.

It is quasiconvex and quasiconcave (i.e., quasilinear), since the sublevel and super-
level sets are halfspaces.

(e) f(z1,22) =z1/z2 on R x Ry,

Solution. f is convex, as mentioned on page 72. (See also figure 3.3). This is easily
verified by working out the Hessian:

. 2
Vif(z) = —22:£T/2z3 22?%,? ] - (2/32)[ _2311/12 ] [1 -2z/z; | >0

Therefore, f is convex and quasiconvex. It is not concave or quasiconcave (see the
figure).

QUESTION 3

Solution.

(a) We prove the result by verifying Jensen's inequality. f and g are positive and convex,
hence for 0 €6 <1,
fOz+(1-0)y)g0z+(1-0)y) < (0f(z)+(1-06)f(v)) (9g(z) + (1 -0)g(y))
= 0f(z)g(z) + (1 -0)f(v)9(v)
+0(1 - 0)(f(y) — f(z))(9(z) — 9(v))-

The third term is less than or equal to zero if f and g are both increasing or both
decreasing. Therefore

S0z + (1 —0)y) g(6z + (1 - 0)y) < 8f(x)g(z) + (1 —0)f(¥)g(v)-



QUESTION 4

(a) Conjugate of convez plus affine function. Define g(z) = f(z) + ¢" z + d, where f is
convex. Express ¢* in terms of f* (and ¢, d)

Solution.
9" (y) = sup(y'z— f(z)—c'z—d)
= sup((y—o)'z— f(z)) —d
= f(y—c)—d

(b) Conjugate of perspective. Express the conjugate of the perspective of a convex
function f in terms of f*.

Solution.

9" (y,8) = sup (v z+st—tf(z/t)
z/tedom f,t>0

= sup sup (ty"(z/t)+s— f(z/t))
t>0 z/tedom f

= supt(s+ sup (v (z/t)— f(z/1)))
t>0 x/tedom f

= gt;gt(s +f(v)

{ 0 s+ f(y)<0

oo otherwise.

QUESTION 5

See the textbook.

QUESTION 6

Solution. We verify that z* satisfies the optimality condition (4.21). The gradient of
the objective function at z* is

Vfo(z*) = (-1,0,2).
Therefore the optimality condition is that
VSoz" ) (y=2) =1y - 1) +2y2+1) 20
for all y satisfying —1 < y, < 1, which is clearly true.



QUESTION 7

(c) Equivalent to the LP

minimize 17y
subject to —-y <Az -b<y
-1<z<1,

with variables z € R" and y € R™.
(d) Equivalent to the LP

minimize 17y
subject to —-y<z<y

with variables z and y.

(e) Equivalent to
minimize 17y -+t
subject to —-y<Ar—-b<y
—~tl <z <tl,

with variables z, y, and t.

QUESTION 8

Solution. We first derive a dual for general penalty function approximation. The La-
grangian is
L(z,r,A) = Z¢(rs) + v (Az - b-r).

i=]

The minimum over z is bounded if and only if Ay = 0, so we have

b+ Yo, infy (@(ri) — wiry) ATv =0
9 = { o0 l otherwise.

Using
ii\f(¢(ﬂ) = yry) = —sup(vr; — o(ry)) = =" (i),

we can express the general dual as
maximize —b"v 3" ¢°(n)
subject to A"w =0.



Huber penalty.

] 2/4 |22
¢"(2) = { o0 otherwise,

so we get the dual problem

maximize —(1/4)|v|3 —b"v
subject to ATv =0
vl < 2.

QUESTION 9

Tridiagonal.



