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Introduction

Thek-Nearest Neighbour(kNN) rule classifies each unlabel ed example by the mgj ority label of itsk-nearest
neighbors( based on distance measure) in the training data. Though theideaissimple, it yields competetive
results. The performance of the KNN depends on the way the distances are computed between examplesin
thedata. M ore often when no prior knowledgeisavailable euclidean distance between exampl es. Euclidean
distance may not be the right distance metric and can not capture all the properties in the data. In this
project, Mahal anobis distance metric, which isalinear transformation of the input space, that precedesthe
kNN classification islearnt. The distance metric learning is model ed as a problem in convex optimization.

Problem Formulation

The algorithm is based on the observation that KNN will accurately classifiy if its k nearest neighbour
belong to the same class label. The algorithm increases the number of samples from the training data
with this property by learning alinear transformation of the input space that precedes kNN classification
using Euclidean distances. The linear transfomration is derived by minimizing a loss function, The first
term penalizes large distances between samples in the same class desired as k-nearest neighbors and the
second term penalizes small distances between samples with different labels. The euclidean distance in
transformed space is equivalent to mahalanobis distance in the input space.




Basic Notations

First afew basic formulae and notations are introduced which is used later on in the convex optimization.
Let ;' be the d-dimensional samples. Let the linear transformation be L, which is a dxd dimensional

matrix. The tranformed or projected samples are then = 1. The squared euclidean distance in the
transformed domain is

Dy (24, 2)) = ||L{Z: - £3)|3

&

It is common to express squared distance metrics as square matrix as follow
M =L"L

Any matrix M formed from real valued matrix \textbf{ L} is guaranteed to be a positive semi-definite
matrix. The squared distances interms of \textbf{ M} is

Dy (24, 2)) = (£ — 23 M(%; — )

For each sampl e-'l:.’, atarget nighbour *L { isdefined as one of thek closest nei ghbour of the sameclass. This
b

- —

is denoted as./ ¥ Liis atarget neighbour to . For each sample there are k target neighbours(same

class). Note that J 7 ¥ does not imply the reverse is true. For KNN classification to succeed, target

neighbors of each input <= should be closer than all differently labeled inputs. For each input a perimeter
can be imagined around the target neighbours. A diffferently labeled input should not inavde this perime-
ter. These inputs are defined as impostors. The important goal of the learning is to redice the number of
impostors. A large distance is to be maintained between the impostors and the perimeter defined by the
target neighbours. By ensuring a margin of safety, the algorithm is robust to noise in the training data

Hence the name Large Margin Nearest Neighbour(LMNN) classification. For an input ¢ with label Ui
and target neighbor Lf an impostor is any input 7 with adifferent label ¥ such that

DLI:_.'I:'“..'I-'_!] < D_,I'_[..'E."“.'E."_I'] 1

Loss Function

The loss function consists of two terms, one which pulls target neighbors closer together, and another
which pushes differently labeled examples further apart. The two terms have competing effects, since the
first is reduced by shrinking the distances between examples while the second is generally reduced by
magnifying them. The first term in the loss function penalizes large distances between each input and its

target neighbors. In terms of the linear transformation L of the input space, the sum of these squared
distancesis given by

i . - =3 [[2
]‘:_.:-u-!-f }‘_I' o L["!'-! ';EI_I.]”.!

It does not penalize all the samples with same labels, but only the target neighbours. The second termin
the loss function penalizes small distances between differently labeled examples. To simplify notation, we

introduce a new indicator variable ¥if =1 if and only if ¥ = ¥ and ¥ =0. The second term is




Epush = Zij-uZi(l — ga)[L + ||L(£: — £5)|3 - |ILA: — 1) 3]+

where the term [ <] ”“"’””131 ﬂ:', denotes the standard hinge loss. The final loss functionis
E(L) = (1 — u)Epu + uEpu.m
The above can be rewritten in terms of matrix $\textbf{ M} as follows,

E(M) = (1 — u)=;.: Dar (24, 25) + uZiyaZi(l — ya)[L + Dar(i, 25) — Dar(24,

With this substitution, the loss function is now expressed over positive semidefinite matrices M ~ D,
as opposed to real-valued matrices L:. The loss function is a piecewise linear, convex function of the

dements in the matrix VL. The first term(penalizing large distances between target neighbors) is linear
in the elements of M, while the second term (penalizing impostors) is derived from the convex hinge loss.
The loss function is brought to a standard form, formulated as an semidefinite programming(SDP) by

introducing slack variables ! for all triplets of target neighboursd ~ * and impostots 1. The slack

0

variable iji =
SDPisasfollows

, isused to measure the amount by which the large margin inequality is violated. The

Minimize s, (1 — ©)5) (2 73 M(2; — £3) + uZi Tl — yadeiy
Subject to

(£: — 2T M(%; — 1) — (£i — ) M(%i - £3) > 1 — ey

M=0

‘r-:E_|-f _ I:I

Code Run through

The data used here is 4 dimensional data with 429 training samples. The slack variable used above is
a combination of 3 incides leading to a total of 22787 inequalities. For computational sake the data is
sampled. The nearest neighbour is set to 3.

| oad bal .mat % xtr yTr xTe yTe

sanmpl e=150;

XTr=xTr(:, 35:end);

yTr=yTr (35: end);

y=randsanpl e(si ze(xTr, 2), sanmpl e); % adom sanpling
y=sort(y);

K=3; % nearest nei ghbour

XTr=xTr(:,y);

yTr=yTr(:,y);

% t est _sanpl e=randsanpl e(l engt h(yTe), 50);
% test _sanpl e=sort(test_sanple);




The target neighbours are calculated for each sample and their corresponding distances.

[d, n] =size(xTr);
un=uni que(yTr);
NN=zer os(K, n);
for c=un
i =find(yTr==c);
nn=LSKnn(xTr(:,i),xTr(:,i),2:K+1); %gives the indices of k nearest neighbours
NN(:, i) =i(nn);
end
Ni =zeros(K, n);
di s=zeros(K, n);
% ar get nei ghbours
for nnid=1:K
Ni (nnid, :)=sun( (XTr-xTr(:, NN(nnid,
di svect or {nni d}=xTr-xTr(:, NN(nni d,

)."2,1)+1; % euclidean distance

2)
2)

~— —

end;

The impostors are calcuated for each sample I} and target neighbour L1 the samples that violate the
perimeter defined by the target neighbours.

for c=un

=find(yTr==c);

ndex=fi nd(yTr~=c) ;

XL=xTr(:,i);

X2=xTr (:, i ndex);

di st mat =zeros(4, | ength(i), | ength(i ndex));
for a=1:1ength(i)

for b=1:1ength(i ndex)

distmat(:,a, b)=X1(:,a)-X2(:, b);
end
end
di st ancevect or{c}=di st nat ;
end
for i=1:sanple
distmat=[];
i ndex=find(yTr~=yTr(i));
di st =di stance(xTr(:,i),xTr(:,index));
i d=find(dist<=Ni(3,i)+1); %iolating the perineter
% for j=1:.1ength(index)

% distmat (:,j)=xTr(:,i)-xTr(:,j);
% end

di st ancevect or 2{i } =i ndex(i d)";

end

The total number of impostors are calculated for each sample
t ot al =0;
for i=1:sample

| en(i)=size(distancevector2{i}, 1);

end




total =sun(! en);

num i np=zeros(1, | ength(len)+1);
num i np(2: end) =l en(1: end) ;
cc=cunmsum num.i np) ;

CVX Package

ThecvxisrunforvanauesThT(‘liil}andﬁ$ﬂ

cvx_begin
variable Md,d) symetric
vari abl e e(total *3) nonnegati ve
f _x=0;
for i=1:sanple
for j=1:K
fox=f X+(XTr(:,i)-XTr(:,NN(j,i)))" *M(XTr(:,i)-xTr(:,NN(j,i)));
end
end
for i=1:sanple

for I=1:len(i)
for j=1:K
f_x=f_x+e((cc(i))+(1-21)*3+j);
end
end
end
mnimze f_x
subject to
for i=1:sanple

for I=1:len(i)
for j=1:K
(XTr(:,i)-xTr(:,distancevector2{i}(l)))" *M(xTr(:,i)-xTr(:,distanceve
end
end
end
M>=0
e>=0
cvx_end

Calling SDPT3 4.0: 74944 variabl es, 24988 equality constraints
For inproved efficiency, SDPT3 is solving the dual problem

num of constraints = 24988
dim of linear var = 74944

khkhkkhkhkhkhhhhkhhhkhhhhhdhhhdhhhdhhhdhhhdhhhkhhhhhhhhhhhdhhhdhhhdhdhkhdhrddrrdrx*

SDPT3: Infeasible path-follow ng al gorithns

khkhkkhkhkhhhkhhhkhhhkhhhhhdhhhdhhhdhhhdhhhhhhkhhhhhhhhdhhhdhhhdhhhdhdhddhkrrdrrdrx*

version predcorr gam expon scale _data
NT 1 0.000 1 0
it pstep dstep pinfeas dinfeas gap pri m obj dual - obj cputime
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53| 0. 160] 0. 987| 3. 6e- 12| 7.
54| 0. 584| 0. 665| 1. 5e-12| 1
55| 0. 246] 1. 000| 1. 1le-12| 7.
56| 0. 424] 0. 878| 6. 6e- 13| 8.
57| 0. 307| 0. 807| 4. 6e- 13| 9.
58| 0. 339] 0. 808| 3. 1le- 13| 9.
59| 0. 185| 0. 535| 2. 5e- 13| 1
60| 0. 922| 1. 000| 2. 3e- 14| 7.
61| 0. 278] 0. 626| 4. Oe- 14| 1.
62| 0. 162| 0. 491| 3. 5e- 14| 1
63| 0. 080] 0. 365| 3. 1le- 14| 1
64| 0. 143] 0. 515| 2. 2e- 14| 1
65| 0. 616] 0. 717| 3. 9e- 14| 1
66| 0. 222| 0. 476| 2. 2e- 14| 1
67| 0.178] 0. 382| 2. 1le-14| 1
68| 0. 287| 0. 638| 3. 2e- 14| 1
69| 0. 889] 0. 929| 6. 2e- 14| 8.
70| 0. 358] 0. 504| 9. 3e- 14| 1.
71] 0. 254] 0. 114| 2. 3e- 13| 1.
72| 0.190| 0.475|3.3e-13| 1
73] 0. 067] 0. 027| 8. 8e- 13| 2.
74| 0. 656] 0. 465| 3. 5e- 13| 2.
75| 0.417] 0. 420] 9. 1le-13| 1
76| 0.413] 0. 390| 5. 6e-13| 1
77| 0.514]0.397| 1. 3e-12| 1
78] 0.310| 0.537| 1. 1le-12| 1
79| 0. 565] 0. 918| 8. 5e- 13| 8.
80| 0. 465| 0. 872| 5. Oe- 13| 8.
81| 0. 860] 0. 927| 1. 4e- 13| 8.
82| 0.932| 0.390| 1. 6e-13| 1
83| 0. 930] 0. 935| 4. 8e- 14| 8.
84| 0.976] 0.981| 9. 7e- 14| 7.
85| 0. 989| 0. 989| 4. 3e-12| 7.
86| 0. 989] 0. 989| 5. 5e- 14| 7.

stop: max(relative gap

nunmber of iterations = 86

primal objective value = -1.29587015e+03
dual obj ective value = -1.29587015e+03
gap : = trace(X2) = 4.93e-06

rel ative gap = 1.90e-09

actual relative gap = 1. 85e-09

rel. primal infeas (scal ed problem

rel. dual " " "

rel. primal infeas (unscal ed problem
rel. dual " " "

norm X), normy), norm Z) =

norm A), norm(b), normC) =

Total CPU time (secs) = 18.67

CPU time per iteration = 0.22

term nati on code
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Status: Sol ved
Optimal val ue (cvx_optval): +1295.87

Results

The projection matrix L is calculated for the proposed technique and the results are compared with four
algorithms. 1)kNN before LMNN, 2) kNN after LMNN, 3) kNN after PCA. We see that KNN performs
well after LMNN compared to the other two methods

L I mn=sqgrt(M;

L_knn=[];

[L_pca, score, | atent, tsquared, expl ai ned] = pca(xTr',"Algorithm ,h6"eig,' Centered ,fal
L_pca=L_pca';

Pca_err=knncl (L_pca, xTr,yTr, xTe,yTe, 1, ' train', 0);
knn_err=knncl (L_knn, xTr, yTr, xTe,yTe, 1, ' train', 0);

I mn_err=knncl (L_I mn, xTr, yTr, xTe, yTe, 1, "train',0);
fprintf('Bal data set\n');

fprintf('\n\nTesting error LM\N: 9. 2f %A n', 100*I mn_err);
fprintf(' Testing error kNN: 9. 2f %4 n', 100*knn_err);
fprintf(' Testing error PCA: 9%.2f%An', 100. *Pca_err);

Progress: [*******x***x1(Q 00/ 16.98 Bal data set

Testing error LMNN: 13.21%
Testing error kKNN: 16.98%
Testing error PCA: 16.98%

Conclusion and Discussion

A new framework for large margin nearest neighbor (LMNN) classification is introduced. From labeled
training examples, a Mahalanobis distance metric is learned for kNN classification. The required opti-
mization is formulated as a semidefinite programming. The framework makes no parametric assumptions
about the structure or distribution of the data, though it does not scale well for large data sets. The accuracy
of KNN classification isimporved significantly by learning a metric in this way.
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