
Home Assignment №3

Due on July 24, 2018

Exercise 1

Consider the family of Laplace distributions {Fθ(y)}θ>0 (with fθ(y) = 0.5 θ e−θ|y|). Is the
family complete?

Exercise 2

Let {Fθ(y)}θ>0 be the family of uniform distributions on the interval [0, θ]. Let [y1, y2, . . . , yN ]
be a vector of N independent measurements from Fθ(y). Prove that max1≤n≤N yn is a
sufficient statistic for θ.

Exercise 3

Assume we are given N i.i.d. measurements from the Cauchy probability density fθ(y) =
[π(1 + (y − θ)2)]−1.

(a) Compute the CRB for unbiased estimates of θ.

(b) Consider the estimate θ̂ = N−1
∑N

n=1 yn. What is the variance of θ̂? Does it attain the
CRB?

Exercise 4

Consider the following estimation problem. Suppose we are given M vectors {hm(θ)}Mm=1,
with hm(θ) ∈ RN , and M real numbers {am}Mm=1. Let our measurements be modelled
according to

y =
M∑
m=1

amhm(θ) + u,

where u ∈ RN is a zero-mean Gaussian vector with a diagonal covariance matrix σ2
u I. In

concise notation,
y = H(θ)a + u,

where a is the vector whose elements are a1, a2, . . . , aM . The parameters {σ2
u, a, θ} are

unknown and need to be estimated, which leads to a mixed linear/non-linear model, where
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the dependence on a is linear, while the dependence on θ is not. We can think of the columns
of H(θ) as signal waveforms (parameterized by θ) and of a1, a2, . . . , aM as the amplitudes of
their associated waveforms. The problem is to develop the ML estimates of {σ2

u, a, θ}.

(a) Write the log-likelihood function and maximize it with respect to σ2
u. Show that

σ̂2 =
1

N
[y −H(θ)a]T [y −H(θ)a] .

(b) After substituting σ̂2 in the log-likelihood, maximize with respect to a. Show that

â = [H(θ)TH(θ)]−1H(θ)Ty.

(c) After substituting â in the log-likelihood, show that we are led to the maximization of
the cost function

C(θ) = yTH(θ)[H(θ)TH(θ)]−1H(θ)Ty.
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