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Abstract—In this paper, novel approaches to synthesize ad-
mittance function polynomials and canonical � � coupling
matrices for narrowband lossy filters are presented. The methods
are simpler and more general than the ones found in the literature.
The polynomial synthesis approach is fully analytical and also
very useful for lossless polynomial synthesis with simpler deriva-
tions. The coupling matrix synthesis method is based on a lossy
transversal network model, which can also accommodate direct
source to load coupling. Unlike the lossless transversal coupling
matrix, the lossy coupling matrix model requires the assumption
of complex -inverters and additional resistive elements in the
network. The complex -inverter circuit model is defined and
explained in detail in this paper. The lossy transversal ��ma-
trix can be systematically rotated to obtain a number of practical
realizations. Parallel-coupled pairs and folded lossy configurations
are shown as examples. Moreover, the synthesis of novel networks
with different return-loss levels at source and load is presented. A
performance comparison with a predistorted filter is also included
in this paper.

Index Terms—Coupling matrix, filter diagnosis, lossy filters, mi-
crowave filter synthesis, polynomial filter synthesis, predistortion,
transversal network.

I. INTRODUCTION

T HE SYNTHESIS of lossy microwave filters has recently
attracted a lot of attention in the microwave engineering

community with promising experimental results [1]–[4]. Its
main aim is to accept additional insertion loss and/or return
loss without changing the in-band shape of the filter function
knowing that the added loss level can be adjusted using ampli-
fiers in the communication system without affecting the system
performance [4].

Consideration of loss in the design of microwave filters was
first practically done using adaptive predistortion techniques
[5]. Predistortion can be viewed as improving the insertion loss
flatness by reflecting more power at the band center of the filter
function resulting in degraded absolute return loss, which ne-
cessitates the use of circulators or isolators in the system. More
recently in [1], lossy filter designs with nonuniform resonator
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factors and resistive elements have been presented. These
designs are based on the absorption rather than the reflection
of power, and thus, result in improved return loss compared to
predistortion. The approaches in [1] are limited to symmetrical
filter networks requiring even- and odd-mode analysis along
with even- and odd-mode predistortion techniques. For some
cases, empirical approaches with optimization need to be used
along with the synthesis. A more generalized approach based
on the lossy coupling matrix was introduced in [2] and [3] with
novel realizations using mixed combline and microstrip tech-
nologies. A simpler, but more limited coupling matrix method
by adding attenuators was also presented in [6]. The approach
in [2] and [3] can systematically synthesize a full com-
plex coupling matrix. It then needs to be rotated with complex
angles to arrive at a realizable configuration. However, except
for rotation to the folded form along with hyperbolic rotations
for loss distribution, no other systematic design approach was
shown.

In this paper, by starting from a lossy transversal canonical
array synthesis approach, it is shown that other useful
configurations can be systematically synthesized. The presence
of loss in the canonical transversal array is modeled by adding
resistive elements to the resonators and to the source and load.
The complex coupling model is also introduced and replaced
with the regular coupling components to realize the transversal
matrix. This approach is simpler to formulate and can be sys-
tematically rotated to folded configurations. Similar to lossless
transversal synthesis, no Gram-Schmidt orthogonalization is
required.

The synthesis of lossless polynomial filtering functions has
well been studied in [7]. When loss is added to the network,
the unitary conditions can no longer be satisfied. This makes
the polynomial synthesis conditions in [8] invalid. In the liter-
ature, lossy polynomial synthesis has only been shown using
even- and odd-mode analysis for symmetric networks [1]. In
this paper, a simple and more general polynomial synthesis for
lossy networks is also introduced. It is shown that in the lossy
case, starting with an arbitrary th-order -parameter lossy
filter function, a network with resonators can be obtained
[3]. This, however, may not be the optimum and it is possible to
reduce the number of resonators in certain conditions. Two dif-
ferent lossy filtering functions are presented for reciprocal lossy
networks without changing the order of the admittance polyno-
mial and without the need for even- and odd-mode analysis. For
the case of a lossless network, the method also uses a simpler
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derivation approach to synthesize the admittance polynomials
compared to the prior art. Finally, the direct synthesis of a few
novel configurations is presented.

II. SYNTHESIS OF ADMITTANCE FUNCTION

FROM SCATTERING POLYNOMIALS

Consider the transfer and reflection functions of a two-port
lumped element network as

(1)

where is the low-pass frequency variable, and , , and
are th degree polynomials. Using classic two-port matrix to

matrix transformation formulas [9] with normalized charac-
teristic impedances, the -parameter functions can be derived
as

(2)

(3)

(4)

(5)

Using (2)–(5) with no pre-condition, it can be easily observed
that, in the general lossy case, the numerator and denominator
polynomials can be of degree [3]. This implies one may re-
alize -pole filter functions with a higher number of resonators
than and use the redundancy to possibly improve the filter
characteristics. Illustrative examples for this case are shown in
[3]. These cases, however, may not be optimal and are left for
future research. Therefore, the focus of this paper will be on syn-
thesizing lossy cases where the number of resonators remains
the order of .

Dividing the numerator and denominators of (2)–(5) by ,
the -parameters become

(6)

(7)

(8)

(9)

where is

(10)

The rational function can be derived in terms of -param-
eter functions as

(11)

Expressing the -parameters in terms of magnitude and phase
assuming the network is reciprocal, we have

(12)

(13)

(14)

For the lossless case, the following conditions apply due to
the unitary conditions:

(15)

Using (11)–(15), can be derived as

(16)

and using the phase condition in (15),

(17)

which suggests polynomials of order for the lossless re-
ciprocal circuits.

In order to find the admittance polynomial synthesis formulas
for the lossless case, the rational function needs to be further
simplified. The phase of the reflection coefficients in terms of
the phase of numerator and denominator becomes

(18)

Using the phase unitary conditions, the following properties
for the numerator phase of reflection coefficients apply:

(19)

where is the order of the filter. Using (18) and (19),

(20)

By using (20) and (17), can be rewritten as

(21)

Using (21), can be easily calculated using the denominator
polynomial. Equations (6)–(9) and (21) clearly show that, in the
case of reciprocal lossless networks, the order of the polyno-
mials reduces to from with the following lossless syn-
thesis formulas:

(22)
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The new derivation is universal and much simpler than the
ones in [8]. As far as the lossy nonreciprocal networks are con-
cerned, (6)–(10) can be used. In this case, for simpler realiza-
tions, it is still desired to have the admittance polynomial’s order
simplified to the order of . One way to ensure the order reduc-
tion of polynomial functions is by making the numerator of
(10), i.e., ( ), divisible by its denominator ( ).
Thus far, we know that this condition is satisfied for the lossless
reciprocal networks. In Section III, some other possible lossy
functions resulting in admittance polynomial orders of are
discussed.

III. LOSSY ADMITTANCE POLYNOMIAL SYNTHESIS

The lossy admittance polynomials can be derived using
(6)–(10) resulting in networks of order . However, it is
desired that the number of the resonators be minimized. In
this section, we present two special cases of lossy functions
resulting in networks of order . Starting from the lossless
reciprocal filtering functions, loss can be introduced to the
lossless case while maintaining the filter order. Here we discuss
some possible options.

Consider the lossy -parameter polynomials derived from the
lossless ones with different return-loss levels at input and output
ports as follows:

(23)

where , , , and are lossless filter polynomials and
and are constants. Using (10) and (23),

(24)

which shows that the numerator of is divisible by its denomi-
nator . Therefore, the new can be used along with the poly-
nomials (6)–(9) to obtain the synthesis formulas

(25)

It is clear from the above formulas that the admittance poly-
nomials have an order of in this case resulting in a -res-
onator filter network. If , insertion- and return-loss func-
tions will have the same attenuation factor of as used in the
prior literature. If , the insertion- and return-loss func-
tions will have different attenuation levels, which makes a new
class of lossy function. In order to avoid reflection coefficients

Fig. 1. Equivalent circuit for complex coupling, which can be decomposed into
parallel real and resistive coupling elements. (a) Overall model. (b) Real cou-
pling model. (c) Resistive coupling model.

of greater than one, applies, where .
The designs with different return loss at the input and output of
the filter ( ) may be of interest for applications where dif-
ferent return loss level is acceptable such as the satellite channel
dropping input multiplexer (IMUX) configurations.

IV. COMPLEX COUPLING CIRCUIT MODEL

A complex coupling between two resonators may exist when
the resonators have finite ’s and there is a resistive signal path
between the two resonators besides a reactive path. Complex
coupling can be viewed as admittance inverters with complex
values. It has the same useful circuit properties that a regular
capacitive or inductive coupling has, and is very helpful in the
coupling matrix synthesis of lossy filters. It will also be seen
in this section that a regular lossless coupling and a resistive
coupling can be viewed as special cases of a complex coupling.
Consider the complex admittance inverter in terms of a suscep-
tance of and a conductor of as

(26)

Similar to conventional coupling, a complex -inverter com-
ponent in the form of admittance matrix representation becomes

(27)

A. PI Network Circuit Model

One of the most useful circuit realizations of a complex cou-
pling component is a PI network configuration. The equivalent
circuit for the complex coupling is shown in Fig. 1(a). The com-
plex coupling can be divided into a real coupling and a resistive
coupling placed in parallel, as shown in Fig. 1(b)–(c). The ad-
mittance matrix component can be also decomposed as

(28)
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Fig. 2. Two-port circuit models for: (a) lossless section and (b) lossy section.
(b) Complex �-inverter (coupling) section.

B. T-Junction Circuit Model With Transmission Lines

Another useful inverter representation commonly used by mi-
crowave engineers is a T-junction impedance circuit with trans-
mission lines at both ports, as in Fig. 2. This is especially useful
when connecting impedance inverters to transmission line cir-
cuits. The difference between the conventional lossless T-junc-
tion and the new one is that all the impedances are complex for a
lossy inverter. Fig. 2(a) shows the two-port model for a lossless
reciprocal microwave section. The lossy version has added re-
sistors in all branches, as shown in Fig. 2(b). For a complex cou-
pling realization, two transmission lines are added to the lossy
two-port network, as shown in Fig. 2(c). The formulas to cal-
culate the complex coupling along with the added transmission
lines can be obtained from the existing ones for the real coupling
by a simple change of variable as follows:

(29)

This change of variable becomes clear by a careful look at
the circuit diagrams in Fig. 2. Therefore, the complex coupling
formulas with normalized characteristic impedance become

(30)

where is the impedance inverter value.
It is important to mention that the transmission line electrical

length in (30) becomes a complex angle. The imaginary part of

Fig. 3. Canonical transversal array for lossy reciprocal filters. (a) � -res-
onator transversal array including direct source–load complex coupling � .
(b) Equivalent lossy circuit for the �th resonator in the array.

this angle represents loss. If a negative loss is calculated, it is
required to be absorbed by an adjacent lossy microwave com-
ponent in the design. Similar formulas can be derived using a
PI network with admittance components connected to transmis-
sion lines.

V. CANONICAL TRANSVERSAL ARRAY MODEL

FOR RECIPROCAL LOSSY FILTERS

The lossy coupling matrix can be synthesized from the
transversal array circuit model in Fig. 3. The circuit model in
Fig. 3 is different from the lossless case in many ways. Firstly,
all resonators include a resistor representing finite ’s for all
the resonators. Secondly, all the coupling values are complex.
Finally, two additional resistors are present at source and load.
The admittance matrix for the overall network can be ex-
pressed by calculating the residues of the -matrix polynomial
functions as follows:

(31)

where , except for the fully canonical case, , are
constant numbers remaining from partial fraction expansion of
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Fig. 4. ��� fully canonical complex coupling matrix for the lossy transversal
array. All the coupling values are complex.

and , respectively. All the residues and eigenvalues are
complex numbers.

The matrix of the th resonator can be calculated from the
matrix as

(32)

Now the two expressions (31) and (32) may be equated. It
may be seen immediately that , , and

. By equating the rest of the terms,

(33)

Using these formulations, the initial fully canonical lossy
coupling matrix with complex entries is obtained, as shown in
Fig. 4.

In the following sections, examples along with matrix manip-
ulation techniques are presented, resulting in valid lossy filter
circuits.

VI. ILLUSTRATIVE EXAMPLES

In this section, different realization examples are presented
to cover the theory presented in this paper. Lossy Chebyshev
four-pole asymmetrical pseduoelliptic three-pole and symmet-
rical pseudoelliptic 10–4–4 filters are considered. For this sec-
tion, only the canonical solution using the formulas in Section V
is given. As these solutions are often not suitable in canonical
form, Section VII-A focuses on matrix transformations from the
canonical form to show some realizable filter configurations.

A. Lossy Chebyshev Four-Pole Filter

Consider the lossy four-pole Chebyshev example shown in
Fig. 5 with the lossless return loss of 20 dB and a loss factor of
6 dB. The transversal coupling matrix element values are cal-
culated using the synthesis method in Section V and shown in
Table I.

Fig. 5. Chebyshev four-pole lossy example.

TABLE I
TRANSVERSAL ARRAY FOUR-POLE CHEBYSHEV ELEMENT VALUES,

� � � � �����, � � � � ����, � � �

Fig. 6. Lossy Chebyshev four-pole design with different return-loss levels at
source and load.

Consider the same lossy four-pole Chebyshev filter with
different return loss, as explained in Section III and shown in
Fig. 6. Loss levels for and are 3 and 9 dB, respectively.
The transversal coupling matrix element values are shown in
Table II.

B. Lossy Asymmetrical Pseudoelliptic Three-Pole Filter

In this section, an asymmetrical lossy three-pole pseduoel-
liptic filter response with different loss levels is considered and
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TABLE II
TRANSVERSAL ARRAY ELEMENT VALUES FOR FOUR-POLE

CHEBYSHEV FILTER WITH DIFFERENT LOSS LEVELS, � � �����,
� � �����, � � �����, � � �����, � � �

Fig. 7. Lossy asymmetrical three-pole pseduoelliptic filter response with dif-
ferent return-loss levels.

TABLE III
TRANSVERSAL ARRAY THREE-POLE ASYMMETRIC ELEMENT VALUES,

� � �����, � � �����, � � �, � � �����, � � �

shown in Fig. 7. Loss levels for and are 3 and 9 dB, re-
spectively, with one imaginary zero at 2.3 and a lossless return
loss of 23 dB. The transversal coupling matrix element values
are calculated as in Table III.

C. Lossy Pseudoelliptic Ten-Pole Filter

Consider a symmetrical tenth-degree pseduoelliptic filtering
function with 22-dB return loss, pairs of imaginary zeros at

1.22 and 1.74, and four complex zeros of , with
both insertion- and return-loss functions down to 30 dB, as in
Fig. 8. The transversal matrix circuit elements are calculated as
in Table IV.

The transversal matrix for these examples can be easily
formed using the matrix in Fig. 4. The coupling matrices for
these examples are not realizable with their current format due
to presence of negative resistive coupling values. Thus, further
rotation is required to find realizable matrices. In Section VII,
some design realizations are presented.

Fig. 8. Lossy 10–4–4 pseduoelliptic filter function.

TABLE IV
TRANSVERSAL ARRAY 10–4–4 PSEUDOELLIPTIC FILTER ELEMENT VALUES,

� � � � ���	
�, � � � � ����, � � �

VII. MATRIX TRANSFORMATIONS

The transversal coupling matrices synthesized for the exam-
ples in Section VI are not realizable in their current form due
to the presence of negative resistors. Thus, further matrix op-
erations are required to find realizable coupling matrices. Two
different configurations are presented in this section using the
examples in Section VI.

A. Folded Form Lossy Design

The coupling matrix can be rotated to obtain a folded matrix
using the method in [7], except that the rotations have complex
angles. The folded coupling matrix for the first four-pole filter
example (Section VI-A) is shown in Fig. 9 with the realizable
schematic, shown in Fig. 10. The loss can be distributed using
hyperbolic rotations to obtain the structure shown in Fig. 11, as
also presented in [2] and [3].

The folded coupling matrix for the lossy four-pole filter
with different loss levels is shown in Fig. 12. As can be seen
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Fig. 9. Chebyshev lossy four-pole folded design.

Fig. 10. Coupling and routing schematic of the lossy folded four-pole Cheby-
shev filter.

Fig. 11. Equally distributed � configuration after hyperbolic rotation and
scaling, as in [2], � � ���� (��� � ��).

Fig. 12. Nonsymmetrical Chebyshev four-pole lossy folded design, � �

	
�, � � ���,� � �� (��� � ��).

from the matrix, the network is no longer symmetric. Similar
to the symmetric four-pole example, loss can be distributed to
obtain other networks such as the one in Fig. 11.

For the case of lossy asymmetrical three-pole pseduoelliptic
filter (Section VI-B), the folded coupling matrix is shown
in Fig. 13. By doing hyperbolic rotations on pivot [2], [3] to
distribute the loss evenly between resonators 1 and 2, the ma-
trix in Fig. 14 can be obtained. The corresponding filter net-
work is shown in Fig. 15. This network is interesting as it shows
the presence of “complex coupling” for a realizable lossy filter.
Similarly, Fig. 16 shows the folded coupling matrix for
the 10–4–4 pseduoelliptic filter example (Section VI-C).

The folded coupling matrix for the lossy functions prescribed
in Section III can also be synthesized to the folded form by using
attenuators connected to the lossless network and by some cir-
cuit transformations, as in [6]. However, for the design of the
lossless network itself, the same rotation sequence is needed,

Fig. 13. Aymmetrical pseduoelliptic three-pole lossy folded design, � �


��,� � �		,� � �� (��� � ��).

Fig. 14. Lossy three-pole asymmetrical coupling matrix after rotation with
complex coupling values.

Fig. 15. Asymetrical lossy three-pole pseduoelliptic filter schematic after loss
distribution, � � � � �
��,� � ��� (��� � ��).

with the additional circuit transformations to find the folded
form. Therefore, this method is still more convenient for these
special lossy cases. Moreover, for the case of polynomial syn-
thesis shown in Section II, the transversal synthesis method still
works with any kind of lossy polynomial.

Section VII-B shows the steps to design another novel lossy
realization with multipath signal distribution. These networks
can only be designed using the transversal synthesis technique,
even for the special polynomials explained in Section III.

B. Parallel-Coupled Pairs Lossy Design

The even-order symmetrical networks shown in
Section VII-A can also be synthesized as parallel-coupled
pairs. Starting from the transversal matrix and applying a
series of rotations to annihilate coupling elements starting from

toward the center of the matrix, i.e., ,
similar results to [7] can be obtained with the addition of some
resistive elements.

In this section we consider the 10–4–4 pseduoelliptic and the
four-pole Chebyshev examples. For the ten-pole filter example,
the matrix after rotation and node rearrangement is shown in
Fig. 17. This coupling matrix is realizable, except for the neg-
ative resistors at resonators 7–10. This can be fixed by dis-
tributing loss. Distributing loss becomes possible by applying
hyperbolic rotations with pivots (1,10), (2,9), (3,8), (4,7), and
(5,6) until each pair of resonators has an equal . These rota-
tions do not introduce additional coupling elements between the
resonators. After loss distribution, the following formulas can
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Fig. 16. Pseudoelliptic 10–4–4 filter folded lossy coupling matrix.

Fig. 17. Pseudoelliptic 10–4–4 filter parallel-coupled pairs network coupling matrix.

Fig. 18. Pseudoelliptic 10–4–4 filter parallel-coupled pairs coupling matrix after loss distribution and scaling.

be used to calculate the source and load scaling factors for this
type of lossy design:

(34)

(35)

These scaling formulas eliminate the shunt resistor at source
and load. The coupling matrix after loss distribution and scaling
at source and load nodes is shown in Fig. 18. Fig. 19 shows
the coupling and routing schematic of the final design with the
resistive elements. The input and output coupling connected to

Fig. 19. Coupling and routing schematic of the lossy 10–4–4 pseduoelliptic
filter example with resistive elements.
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Fig. 20. Chebyshev four-pole parallel-coupled pairs design.

Fig. 21. Coupling and routing schematic of the lossy four-pole Chebyshev
filter, � � ����, � � ��� (��� � �	).

Fig. 22. Nonsymmetrical Chebyshev four-pole parallel-coupled pairs design,
� � �
�
,� � �
� (��� � �	).

the network are equal to the scale factors, i.e., 0.4667 for
this example.

The parallel-coupled pairs final coupling matrix for the lossy
four-pole filter with same loss levels is shown in Fig. 20. The
corresponding filter network is shown in Fig. 21. This design
results in a better performance compared to the one in [2]
(Fig. 11), which can also result in a size reduction of factor 2
using mixed technologies [10], since the low- resonator pairs
can be realized in planar technologies. Similarly, the coupling
matrix for the nonsymmetrical four-pole filter with different loss
levels is shown in Fig. 22 after loss distribution and node scaling.
Although the network and response is asymmetrical, each res-
onator pair has been designed to have the same . The filter
node diagram in this case remains the same as the one in Fig. 21.

VIII. COMPARISON WITH PREDISTORTION

The ten-resonator design in Section VII has five different
values with each pair having the same value. Predistorted fil-
ters [5], however, have the same resonator values with a de-
graded return loss. Besides the improved return loss using the
lossy design, the engineer has the choice of increasing the loss
factor for better . Of course, this loss increase can be done
practically only when the signal can be recovered in the commu-
nication transceiver system using amplifier stages. According to
practical considerations, an insertion loss of 40 dB could be con-
sidered as a limiting case.

Fig. 23 shows the response of the ten-pole predistorted
filter with an unloaded of 3000 for all the resonators and
the in-band performance equivalent to a of 9000 with a
fractional bandwidth of . Assuming that for both
predistorted and lossy filters the amount of insertion loss can

Fig. 23. Predistorted 10–4–4 pseduoelliptic filter response with actual un-
loaded � of 3000 and equivalent � of 9000 (��� � �	).

TABLE V
� COMPARISON WITH DIFFERENT LOSS LEVELS (��� � �	)

TABLE VI
COMPARISON WITH PREDISTORTION (��� � �	)

be compensated for in the communication system, the quality
factors of the two designs can be compared.

The degree of freedom in the lossy design allows further re-
duction in average of the resonators, provided that the pre-
scribed loss level is acceptable. For the sake of comparison, four
different lossy designs are considered with loss levels of 30 and
40 dB, each consisting of two designs, one with an equivalent
of infinity and the other with an equivalent unloaded of 9000.
Table V shows the synthesized values of the parallel-cou-
pled-pair lossy designs for the four different cases.

Table VI shows a comparison of the lossy designs with predis-
tortion. The comparison includes the unloaded minimum, max-
imum, and average for each design. All the lossy designs
present a better average compared to predistortion. Lower av-
erage results in smaller cavities, and thus, a decrease in the
overall volume without degrading the insertion-loss flatness. In
most of the lossy realizations, only the first four high- res-
onators need to be realized using cavity technologies. The rest of
the low- resonators may be easily realized using planar tech-
nologies without increasing the size of the filter by embedding
the planar circuit into the cavity walls [10]. It is important to em-
phasize that these improvements have been achieved by trading
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off the absolute insertion loss. The amount of acceptable inser-
tion loss has to be determined by the specific communication
system requirements in practice.

The practical implications of such designs with respect to sen-
sitivity and spurious performance compared to predistorted fil-
ters are left for the future research, which could show a better
understanding of its capacities and limitations.

IX. CONCLUSION

In this paper, a novel method for the direct synthesis of ad-
mittance function and transversal coupling matrices for
lossy filtering functions has been presented. It can handle lossy
reciprocal and nonsymmetrical filter networks. The admittance
polynomial synthesis approach is more general and simpler than
the conventional approaches. It is also found useful and more
straightforward for the conventional lossless polynomial syn-
thesis. The possibility of realizing novel lossy filters with dif-
ferent return-loss levels at input and output without changing
the filter order has also been presented. The presented lossy
transversal coupling matrix synthesis approach is a more gen-
eral method than the ones found in the literature, which can
also suggest multipath lossy filter networks. The original lossy
transversal matrix has been found an appropriate starting point
for matrix rotation and scaling to arrive at realizable solutions.
Two useful examples of such reconfigurations are folded and
parallel-coupled two-port networks. Novel filter synthesis ex-
amples and comparison with predistortion have been also in-
cluded in this paper. This method can also be found useful in
lossy filter diagnosis.
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