
Appendix B

Graph Theory

A graph G is defined by a set of vertices (or nodes) X = {x1, . . . , xn}, and a set of edges
between the vertices E . Thus, a graph is given by the pair G = {X , E}. Graphs are
commonly depicted visually by using circles for the nodes, and arrows for the edges.

Example B.1. Consider the vertex set X = {x1, x2, x3, x4}, and the edge set

E = {{x1, x2}, {x1, x3}, {x2, x3}, {x2, x4}, {x3, x1}, {x4, x1}, {x4, x4}}.

The graph G = {X , E} is drawn as follows.

If, ∀xi, xj ∈ X , (xi, xj) ∈ E ⇔ (xj , xi) ∈ E , the graph is said to be undirected. In words,
this means that if xi connects to xj , then xj should connect to xi. Undirected graphs are
frequently drawn by putting a single line between two connecting nodes, and dropping
the arrows.

The nodes in the set Ni = {xj |(xj , xi) ∈ E , xj 6= xi} are said to be neighbors of node
xi. The number of neighbors of node xi is called the degree of xi, and is denoted by
degi = |Ni|. If (xi, xi) ∈ E , then xi is said to have a self-loop (but this is not counted in
the degree of xi). In the example above, deg1 = 2, deg2 = 1, deg3 = 2 and deg4 = 1.

A subgraph of G is a graph H = {X̄ , Ē}, with X̄ ⊆ X and Ē ⊆ E (where all edges in
Ē are between vertices in X̄ ). The subgraph H is said to be induced if it is obtained
from G by deleting a set of vertices (and all edges coming into and out of those vertices),
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but leaving all other edges intact. The subgraph H is called spanning if it contains all
vertices of G (i.e., X̄ = X ).

Example B.2. Consider the following four graphs H1,H2,H3 and H4.

The first graph H1 is a subgraph of G, since it contains only vertices and edges that
appear in G (e.g., either by looking at vertices x1, x2, x3 or x1, x2, x4 in the original
graph). However, it is not spanning (it only contains three vertices), and it is not
induced – if we delete any single vertex in G, we do not get the graph H1.

The graph H2 is a spanning subgraph of G, but it is not induced (it is missing several
edges).

The graph H3 is an induced subgraph of G (obtained by deleting vertex x4), but it is
not spanning.

The graph H4 is not a subgraph of G. The easiest way to see this is to note that starting
from any vertex in H4, we can follow the edges through all of the other vertices and get
back to the starting vertex. However, this is not possible in G.

B.1 Paths and Connectivity

A path P from vertex xi0 to vertex xit is a sequence of vertices xi0xi1 · · ·xit such that
(xij , xij+1

) ∈ E for 0 ≤ j ≤ t − 1. The nonnegative integer t is called the length of the
path. A path is called a cycle if its start vertex and end vertex are the same, and no other
vertex appears more than once in the path. Paths P1 and P2 are vertex disjoint if they
have no vertices in common. Similarly, paths P1 and P2 are internally vertex disjoint if
they have no vertices in common, with the possible exception of the end points. A set of
paths P1, P2, . . . , Pr are (internally) vertex disjoint if the paths are pairwise (internally)
vertex disjoint. Given two subsets X1,X2 ⊂ X , a set of r vertex disjoint paths, each with
start vertex in X1 and end vertex in X2, is called an r-linking from X1 to X2.

1 Note that
if X1 and X2 are not disjoint, we will take each of their common vertices to be a vertex
disjoint path between X1 and X2 of length zero.

A graph is said to be strongly connected if there is a path between vertices xi and xj

for every xi, xj ∈ X . We will call a graph disconnected if there exists at least one pair

1There are various algorithms to find linkings, such as the Ford-Fulkerson algorithm, which has
run-time polynomial in the number of vertices [93, 23].
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of vertices xi, xj ∈ X such that there is no path from xi to xj . A vertex cut in a graph
is a subset S ⊂ X such that removing the vertices in S (and the associated edges) from
the graph causes the graph to be disconnected. More specifically, an (i, j)-cut is a set
Sij ⊂ X whose removal causes all paths from node xi to xj to be eliminated. The size
of the smallest (i, j)-cut is denoted by κij . A graph is said to be κ-connected if every
vertex cut has cardinality at least κ. The connectivity of a graph is the smallest size of
a vertex cut, i.e.,

κ = min
i,j

κij .

Note that if a graph is κ-connected, the in-degree of every node must be at least κ (since
otherwise, removing all the neighbors of the offending node would disconnect the graph,
thereby producing a vertex cut of size less than κ).

The following classical result will play an important role in our derivations (e.g., see
[93]).

Theorem B.1 (Menger). A graph G is κ-connected if and only if

there are at least κ internally vertex disjoint paths between any two

non-adjacent vertices in the graph.

Note that the above theorem specifies that connectivity implies disjoint paths between
non-adjacent vertices; if vertex vi is a neighbor of vj , then removing any number of other
vertices will not remove the direct link between vi and vj , and thus the notion of an
(i, j)-cut is not defined.

Menger’s theorem can be used to prove the following useful lemma.

Lemma B.1 (Expansion Lemma). Suppose that graph G = {V , E}
is κ-connected. Consider the graph G′ obtained by adding a new

vertex v to G, and adding κ incoming and outgoing edges between

v and κ different vertices in V. Then G′ is κ-connected.

In turn, the Expansion Lemma produces the following result.

Theorem B.2. Suppose G is κ-connected. Given any two subsets

X1,X2 ⊂ X , with |X1| ≥ κ, |X2| ≥ κ, there exists a κ-linking from

X1 to X2.

c© Shreyas Sundaram



B.2 Matrix Representations of Graphs 124

Note that some of the paths in this linking might have zero length (i.e., if X1 ∩ X2 is
nonempty). Further details can be found in standard texts such as [93].

B.2 Matrix Representations of Graphs

Any graph G = {X , E} with n nodes can be represented by an n × n adjacency matrix
A, where aij = 0 if (xj , xi) /∈ E , and aij > 0 otherwise (aij = 1 is frequently used to
indicate the presence of an edge).

Example B.3. Consider the graph of Example B.1. The adjacency matrix for this
graph is given by

A =









0 0 1 1
1 0 0 0
1 1 0 0
0 1 0 1









.

The adjacency matrix captures all of the edges in the graph; more generally, one can
say that aij > 0 if and only if there is a path of length 1 from xj to xi. The adjacency
matrix can also be used to infer paths of longer length in the graph, as shown by the
following result.

Lemma B.2. Given an adjacency matrix A for a graph G, entry
(i, j) of the matrix Ak is positive if and only if there is a path of

length k from xj to xi in G.

Proof. The proof is obvious for k = 1. For k = 2, entry (i, j) of matrix A2 is given by

n
∑

l=1

ailalj .

Since all elements of A are nonnegative, we see that entry (i, j) is positive if and only if
there is at least one l ∈ {1, 2, . . . , n} such that ailalj 6= 0. In the graph, this means that
there is an edge from node xj to xl, and edge from node xl to xi. Thus, entry (i, j) is
positive if and only if there is a path of length two from xj to xi.

To prove for k > 2, we will use induction. Specifically, assume that entry (i, j) of the
matrix Ak−1 is positive if and only if there is a path of length k−1 from xj to xi. Denote
Ak−1 = Ā, and note that Ak = AAk−1 = AĀ. Then, entry (i, j) of matrix Ak is given
by

n
∑

l=1

ailālj ,
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where ālj is entry (l, j) of matrix Ā. Once again, entry (i, j) of Ak is positive if and only
if ailālj > 0 for at least one l ∈ {1, 2, . . . , n}. Since ālj > 0 if and only if there is path of
length k − 1 from xj to xl, we see that ailālj > 0 if and only if there is a path of length
k from xj to xi.

Example B.4. Consider the following graph.

The adjacency matrix of this graph is given by

A =

[

0 1
1 0

]

.

For k = 2, 3, 4, . . ., we have

A2 =

[

1 0
0 1

]

, A3 =

[

0 1
1 0

]

= A, A4 =

[

1 0
0 1

]

= A2, · · ·

The above matrices indicate that G has no paths from x2 to x1 (or from x1 to x2) of
even length. Similarly, there are no paths from each node to itself of odd length.

The above example illustrates that if element (i, j) of matrix Ak is positive for some k,
it is not necessarily the case that the element is positive for all powers of A larger than
k. However, in some graphs, we can in fact make this claim.

Lemma B.3. Let G be a graph with n nodes, where every node has

a self-loop. Let A be the adjacency matrix for the graph. Then if

entry (i, j) of Ak is positive for some k, then entry (i, j) of Ak+r

will also be positive for all integers r ≥ 0.

Proof. If entry (i, j) of Ak is positive, then there is a path of length k from xj to xi

(from Lemma B.2). Now, for any positive integer r, we can form a path of length k + r
from xj to xi simply by starting at xj , taking the self-loop to get back to xj r times, and
then taking the path of length k to xi (this is not unique). Thus, entry (i, j) of Ak+r

will also be positive, for any r > 0.

The above results lead to the following useful corollary.
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Corollary B.1. Let G be a strongly connected graph with n nodes,

where every node has a self-loop. Let A be the adjacency matrix for

the graph. Then there exists some positive integer k ≤ n − 1 such

that every element of Ak+r is positive, for all integers r ≥ 0.

Proof. Since the graph is strongly connected, there is a path between any two nodes xj

and xi; let dji denote the length of the shortest path between the two nodes. Since there
are only n nodes in the graph, it must be the case that dji < n− 1. Furthermore, since
each node has a self-loop, there is a path of length dij + r between xj and xi, for any
integer r ≥ 0. Let

k = max
1≤i,j≤n

dji

be the largest of the shortest paths between any two nodes. Then, there is a path of
length k between any specific nodes xj and xi, and so every element of Ak will be
positive. By Lemma B.3, we see that all entries of Ak+r will be positive for any integer
r ≥ 0.
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