
Appendix C

Structured System Theory

Linear systems are often studied from an algebraic perspective, based on the rank of
certain matrices. While such tests are easy to derive from the mathematical model, they
may have certain drawbacks. First, for large systems, checking the rank of the observ-
ability, controllability, or invertibility matrix may become infeasible, or computationally
unreliable (due to the entries becoming large, or due to round-off errors in computa-
tions). Second, it is difficult to relate rank-based tests to underlying physical properties
of the system itself; for example, if a system is not controllable, how should one modify
the system in order to make it controllable? To deal with these questions, researchers
started developing alternative tests in the 1970’s by using the underlying structure of the
system, and applying graph-theory to identify whether certain properties hold [55]. This
perspective provides a great deal of intuition, and will be very useful for identifying the
key aspects of linear systems that are required for certain properties to hold.

C.1 Structured Systems

Consider a linear system of the form

x[k + 1] = Ax[k] +Bu[k]

y[k] = Cx[k] +Du[k] ,
(C.1)

with x ∈ Rn,u ∈ Rm and y ∈ Rp. Rather than worrying about the exact numerical
values of the system matrices, we will instead consider only the structure of the system,
that is, which entries in the matrices are zero, and which entries are not zero. More
specifically, by replacing all of the nonzero entries with independent free parameters,
we obtain a structured system [55, 40, 66, 18]. We can now ask how the zero/non-zero
structure of the system relates to system properties. We will use the following definition.
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C.1 Structured Systems 128

Definition C.1. A structured system is said to have a certain prop-
erty (such as controllability, observability, invertibility, etc.) if that
property holds for at least one numerical choice of free parameters
in the system.

Example C.1. Consider the structured linear system

x[k + 1] =





λ1 λ2 0
0 0 λ3

0 0 λ4



x[k] +





0
0
λ5



u[k]

y[k] =
[

0 0 λ6

]

x[k] + λ7u[k],

(C.2)

where λ1, λ2, · · · , λ7 are independent free parameters. The system is structurally con-
trollable if we can find some values for these parameters so that the resulting numerical
system is controllable. This is indeed possible; for example, use

λ1 = 0, λ2 = 1, λ3 = 1, λ4 = 0, λ5 = 1.

However, one cannot find any assignment of free parameters for which the system will
be observable, because the observability matrix is given by

OL =















C

CA

CA2

...

CAL















=















0 0 λ6

0 0 λ6λ4

0 0 λ6λ
2
4

...
...

...
0 0 λ6λ

L
4















.

This matrix has rank 1 for any L, and thus the system is not structurally observable.

We will later see that structural properties are actually stronger than implied by the
above definition – if a structural property holds for one choice of free parameters, it will
hold for almost any choice of free parameters. In other words, it turns out that structural
properties are generic. For example, these free parameters could be chosen ‘randomly’
from some continuous probability distribution, and the property will hold (as long as it
holds for some choice of free parameters). We will see this more formally later.

Since only the zero/nonzero patterns in the system matrices are of interest in structured
system theory, structured systems can be completely characterized by an associated
graph H (see Appendix B for background on graph theory). The vertex set of H is given
by X ∪U ∪Y, where X = {x1, x2, . . . , xN} is a set of state vertices, U = {u1, u2, . . . , um}
is a set of input vertices, and Y = {y1, y2, . . . , yp} is a set of output vertices. The edge
set of H is given by Exx ∪ Eux ∪ Exy ∪ Euy, where
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C.1 Structured Systems 129

• Exx = {(xj , xi) | Aij 6= 0} is the set of edges corresponding to interconnections
between the state vertices,

• Eux = {(uj, xi) | Bij 6= 0} is the set of edges corresponding to connections between
the input vertices and the state vertices,

• Exy = {(xj , yi) | Cij 6= 0} is the set of edges corresponding to connections between
the state vertices and the output vertices, and

• Euy = {(uj , yi) | Dij 6= 0} is the set of edges corresponding to connections between
the input vertices and the output vertices.

Note that the number of edges in the graph is equal to the number of nonzero parameters
in the system matrices.

Example C.2. Consider the structured system from Equation C.2. This system has
n = 3 states, m = 1 input and p = 1 output. The associated graph H thus has
n +m + p = 5 vertices, and 7 edges (since there are 7 free parameters in the system),
and is shown in Fig. C.1. To see how this graph is generated, consider the state x1 in
(C.2). The value of this state at time-step k+1 depends on the values of states x1[k] and
x2[k], but not on x3[k] or u[k] (since the entries of the A and B matrices corresponding
to those elements are zero). Thus, the vertex x1 in H has incoming edges from state
vertices x1 and x2. Similarly, the output of the system y[k] depends on the third state
and the input, and so there is an outgoing edge from the state vertex x3 to the output
vertex y, and also from the input vertex to the output vertex.

Figure C.1: The graph H associated with system in equation (C.2).

Note that the graph captures all of the information about the structured system; this
indicates that one can identify if structured systems have certain properties by analyzing
the graph H. Before we delve into the details, we will warm up by seeing how one can
use the graph of a square matrix to analyze the rank of that matrix.
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C.2 Graphical Test for Nonsingularity

Just as we associated a graph with the linear system (C.1), we can also associate a graph
H with a given n× n square matrix A. In this case, the graph contains only the n state
vertices (and the associated edges) described in the previous section.

Example C.3. Consider the structured matrix

A =









0 λ1 0 λ2

λ3 λ4 λ5 0
0 0 λ6 λ7

λ8 0 0 0









. (C.3)

The graph associated with A is shown in Fig. C.2.

Figure C.2: The graph H associated with the matrix in equation (C.3).

Given a structured square matrix A, is there a way to assign values to the free parame-
ters so that the matrix is invertible? To answer this question, recall from Theorem A.5 in
Section A.4.3 that a square matrix is invertible if and only if its determinant is nonzero.
Furthermore, the determinant of a matrix is a polynomial in the elements of that ma-
trix, and each term of the polynomial is a product of n elements, no two of which come
from the same row or column. Since the elements of a structured matrix are either free
parameters λi, or fixed zeros, the determinant will be a polynomial f(λ1, λ2, . . . , λr)
(where r is the number of nonzero parameters). If the determinant is zero for all choices
of the free parameters (i.e., there is no choice of free parameters that makes the deter-
minant nonzero), then this polynomial will be identically zero. On the other hand, if
the polynomial is a nonzero function of the free parameters, then any numerical choice
of parameters that causes the polynomial to be a nonzero number will cause the matrix
to be invertible. To more explicitly characterize the values of the parameters for which
the determinant will be zero, we will require the notion of an algebraic variety, defined
below.
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Definition C.2. [91] Let F = {fi(λ1, λ2, · · · , λr)} be a finite set
of polynomials in the parameters λ1, λ2, . . . , λr ∈ R. The set

S = {(λ∗1, λ
∗

2, . . . , λ
∗

r) | fi(λ
∗

1, λ
∗

2, . . . , λ
∗

r) = 0 ∀fi(·) ∈ F}.

is called a variety. It is called a proper variety if S is not the entire
space Rr.

More formally, if the system has a structural property, then the set of free parameters for
which the property does not hold lies on a proper variety (see [66, 18] for more details).
Such varieties are said to have measure zero in the space of parameters; in other words,
almost every choice of parameters will not be in the variety, and thus the property will
hold for almost any choice of parameters.

Example C.4. The determinant of matrix A in (C.3) is equal to

det(A) = −λ1λ5λ7λ8 − λ2λ4λ6λ8 = f(λ1, λ2, . . . , λ8).

Thus, the matrix A will be invertible for all values of the free parameters λ1, . . . , λr,
except for those that lie on an algebraic variety.

Now consider how each term in the determinant is represented in the graph H. Specif-
ically, since each free parameter corresponds to an edge in the graph, each term in the
determinant corresponds to a set of n edges. Consider any term (and associated set of
n edges). Each row in the matrix has a single free parameter that appears in that term;
this means that no two edges in the set enter the same state vertex. Furthermore, every
column in the matrix has a single free parameter that appears in the term; this means
that no two edges in the set exit the same state vertex. Thus, this set of n edges is such
that each state vertex has exactly one incoming edge and one outgoing edge. It is easy
to see that this corresponds to a set of disjoint cycles in the graph, going through all of
the state vertices. Thus, each term in the determinant corresponds to a different set of
cycles that cover all of the state vertices.

Example C.5. Consider the term λ1λ5λ7λ8 in det(A) for the matrix (C.3). The set of
edges corresponding to the free parameters in this term is shown in Fig. C.3a. The set
of edges corresponding to the term λ2λ4λ6λ8 is shown in Fig. C.3b. Both of these terms
correspond to a set of disjoint cycles that cover all state vertices.

This brings us to the following result.
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Figure C.3: Disjoint cycles in the graph corresponding to each term in the determinant.
(a) The cycles corresponding to the term λ1λ5λ7λ8. (b) The cycles corresponding to the
term λ2λ4λ6λ8.

Theorem C.1. The determinant of a structured n×n matrix A is
a nonzero polynomial in the free parameters if and only if the graph
of A has a set of disjoint cycles that covers all state vertices.

A corollary of the above result is that an n× n structured matrix will be invertible for
almost any numerical choice of the free parameters if the graph of the matrix has a set
of disjoint cycles that covers all state vertices, and it will not be invertible for any choice
of free parameters otherwise.

Example C.6. Consider the matrix

A =

[

λ1 λ2

0 0

]

. (C.4)

The graph of this matrix is shown in Fig. C.4. Clearly, the above matrix has rank at
most 1, and thus it cannot be invertible for any choice of free parameters. Indeed, its
determinant is det(A) = 0 for all choices of λ1 and λ2. As we can see from the graph,
there is no way to choose a cycle that involves the second state vertex (it does not even
have an outgoing edge).

Figure C.4: Graph of matrix A in equation (C.4).
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C.3 Structural Properties of Linear Systems

We now return to the task of analyzing the graph H associated with a given structured
linear system to determine whether the system possesses certain properties (such as
observability, controllability or invertibility). We will start by considering graph-theoretic
conditions to evaluate the generic rank of the matrix pencil for a structured linear system.
This test will end up forming the basis of all other tests.

C.3.1 Generic Rank of the Matrix Pencil

Recall from Section 2.9.2 that the matrix pencil for system (C.1) is given by

P(z) =

[

A− zIn B

C D

]

.

Definition C.3. The generic normal rank of the matrix pencil
P(z) is the maximum rank of the matrix over all choices of free
parameters in (A,B,C,D) and z ∈ C.

The following result from [91, 90] characterizes the generic normal rank of P(z) in terms
of the graph associated with the structured system.

Theorem C.2. [91, 90] Let the graph of a structured linear system
be given by H. The generic normal rank of the matrix pencil P(z)
is equal to n+ r, where r is the size of the largest linking from the
input vertices to the output vertices in H.

Note that the generic normal rank of the matrix pencil is at least n, since the matrix
A − zI will have generic rank n for any choice of parameters in A and any z that is
not an eigenvalue of A. Before we prove the above theorem, we will prove the following
intermediate result.

Lemma C.1. Suppose that the generic normal rank of P(z) is n+ r. Then there is an
(n+ r) × (n+ r) submatrix of P(z) that is generically invertible, and furthermore, this
submatrix contains the matrix A− zI.

Proof. Let (Ā, B̄, C̄, D̄) and z̄ be the numerically specified matrices and scalar, respec-
tively, that causes the matrix pencil to achieve rank n + r, and denote the resulting
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pencil by P̄(z̄). Thus, there must be an (n+ r)× (n+ r) square and invertible submatrix
in P̄(z̄); denote this submatrix by M̄(z̄). If M̄(z̄) contains the matrix Ā − z̄I, we are
done. If not, revert z̄ to be a free variable z, and note that the determinant of M̄(z) is a
nonzero polynomial in z (it may be a constant). Let S denote the set of values of z that
cause this polynomial to be zero (note that the cardinality of S is equal to the degree of
the polynomial). Next, note that the first n columns and rows of P̄(z) will be linearly
independent for any z that is not an eigenvalue of Ā; let the set T denote the set of
eigenvalues of Ā. Thus, for any z ∈ C \ {S ∪ T }, the first n rows and columns of P̄(z)
will be linearly independent, and simultaneously M̄(z) will be invertible (indicating that
P̄(z) will have rank n + r). Thus, one can find a square submatrix of P̄(z) that corre-
sponds to the intersection of the first n rows and columns of that matrix, along with r

other rows and columns. Since this square matrix has nonzero determinant for this par-
ticular numerical choice of free parameters, it will have nonzero determinant for almost
any choice of free parameters (i.e., all but those that lie on an algebraic variety).

We are now in place to prove Theorem C.2; for clarity, we will prove each of the directions
of the theorem as a separate lemma.

Lemma C.2. Let the graph of a structured linear system be given by H. If the generic
normal rank of the matrix pencil P(z) is equal to n+ r, then there is a linking of size r

from the input vertices to the output vertices in H.

Proof. By Lemma C.1, there is an (n+ r)× (n+ r) submatrix of P(z) that is generically
invertible and containsA−zI; denote this submatrix byM(z). The determinant ofM(z)
is a nonzero polynomial, and by definition, each term in the determinant is a product of
n+r different elements, no two of which are in the same row or column ofM(z). Consider
any one of these terms, and consider only the elements in that term in the matrix P(z).
Each of the first n rows will have exactly one of these elements, and each of the first n
columns will have exactly one of these elements. In the graph H, this corresponds to
a single incoming and outgoing edge from each state vertex. Furthermore r columns in
[ B
D
] will have exactly one of these elements each, and r rows in

[

C D
]

will also have
exactly one of these elements each. In H, this corresponds to a single outgoing edge from
each of r different input vertices, and a single incoming edge to each of r different output
vertices. All together, the edges and vertices corresponding to these elements represent
a set of r vertex-disjoint paths in H from r inputs to r outputs, together with a set of
cycles composed of state vertices. Thus, H contains a linking of size r from the input
vertices to the output vertices.

Lemma C.3. Let the graph of a structured linear system be given by H. If there is a
linking of size r from the input vertices to the output vertices in H, then the generic
normal rank of the matrix pencil is equal to n+ r.

Proof. We will start by considering the case where H is a path-graph, where the input
vertex connects to a single state vertex, which leads into a path that covers all state
vertices, and the last state vertex connects to the single output vertex. The system
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matrices corresponding to this graph are of the form

A =















0 0 0 · · · 0 0
∗ 0 0 · · · 0 0
0 ∗ 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · ∗ 0















, B =















∗
0
0
...
0















,

C =
[

0 0 0 · · · 0 ∗
]

, D = 0,

where ∗ represents independent free variables. The matrix pencil for this system is

[

A− zI B

C D

]

=



















−z 0 0 · · · 0 0 ∗
∗ −z 0 · · · 0 0 0
0 ∗ −z · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · ∗ −z 0
0 0 0 · · · 0 ∗ 0



















. (C.5)

If we set z = 0 and set all of the free parameters to be any nonzero values, the above
matrix has full rank (equal to n+ 1); thus, the determinant of the above matrix will be
a nonzero polynomial in z and the free parameters. If the system has no states, but only
a direct edge from the input to the output, we have D = ∗ and all other system matrices
are empty, and thus P(z) = D, which is again full rank (equal to 1) for any nonzero
value of the free parameter

Now, we will prove the lemma. Let P1, P2, . . . , Pr be the paths in the r-linking from
the inputs to the outputs in H. For any parameter in the system matrices that does
not correspond to an edge in this linking, set that parameter to 0. Now, after a simple
reordering of the rows and columns of the matrix pencil (which does not change the rank
of the matrix), we obtain

rank(P(z)) = rank























P1(z) 0 0 · · · 0 0 0

0 P2(z) 0 · · · 0 0 0

0 0 P3(z) · · · 0 0 0
...

...
...

. . .
...

...
0 0 0 · · · Pr(z) 0 0

0 0 0 · · · 0 −zIq 0

0 0 0 · · · 0 0 0























,

where q is equal to the number of state vertices not included in any of the paths of
the linking. The zero columns and rows at the end of the matrix pencil represent those
inputs and outputs that are not used in the linking. Each of the matrices Pi(z) is a
matrix pencil of the form (C.5), corresponding to the path Pi, and thus has generically
full normal rank. Thus the generic rank of the above matrix is equal to the sum of the
ranks of each of the Pi(z)’s plus q, which is equal to n+ r. This concludes the proof.

Lemmas C.2 and C.3 together prove Theorem C.2. Based on this characterization, we
can obtain graph-theoretic conditions for various structural properties.
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C.3.2 Structural Controllability

To obtain a graph theoretic condition for structural controllability, it is instructive to
first consider an example.

Example C.7. Consider the structured system

x[k + 1] =





0 0 0
λ1 λ2 0
λ3 0 λ4



x[k] +





λ5

0
0



 u[k]. (C.6)

The controllability matrix for this system is given by

Cn−1 =
[

B AB A2B
]

=





λ5 0 0
0 λ1λ5 λ1λ2λ5

0 λ3λ5 λ3λ4λ5



 .

The determinant of this matrix is given by

f(λ1, λ2, · · · , λ5) = λ1λ3λ
3
5(λ4 − λ2).

This determinant is zero if and only if any of λ1, λ3 or λ5 are zero, or if λ4 = λ2. Let us
examine the graphical interpretation of these conditions. The graph H associated with
the above system is shown in Fig. C.5.

Figure C.5: Graph H of system (C.6).

Setting any of λ1, λ3 or λ5 to zero corresponds to removing the corresponding edge from
the graph. Note that this would remove all paths from the input vertex to some (or all)
of the vertices. This is an intuitive result: if some state vertex cannot be reached by a
path from an input, there is no way that the system can be controllable (since the input
will not affect that state in any way).

One might imagine that this reachability condition is also sufficient for controllability.
However, consider the case where λ2 = λ4 = 0 (i.e., the graph H does not have self-loops
on state vertices x2 and x3). Even though this graph still has a path from the input
vertex to every state vertex, we saw above that the determinant of the controllability
matrix will be zero, causing the system to be uncontrollable. The intuition behind this
is that when x2 and x3 do not have self-loops, they have no ‘dynamics’, meaning that
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they do not maintain their previous state, and instead only take the value provided by
x1, scaled by λ1 or λ3, respectively. Thus x2 and x3 cannot be driven independently
to different points in the state-space. Similarly, even if we put self-loops on the two
vertices but set them to have the same numerical value (i.e., λ2 = λ4), the dynamics
of the two states are exactly the same, and thus they cannot be driven independently.
However, as long as λ2 and λ4 are different (which will be the case generically), and none
of λ1, λ3 or λ5 are zero (which, again, will be the case generically) the system will be
controllable.

The above example illustrates that simply having paths from the input vertices to the
state vertices is not enough for controllability; one needs to ensure that there are sufficient
dynamics in the system to allow the states to be driven independently. The theorem
characterizes the conditions on H for the system to be structurally controllable. The
terminology U-rooted path is used to denote a path that starts at an input vertex (i.e., a
vertex in U).

Theorem C.3 ([18]). The structured pair (A,B) is structurally
controllable if and only if the graph H satisfies both of the following
properties:

1. Every state vertex xi ∈ X can be reached by a path from some
input vertex.

2. H contains a subgraph that is a disjoint union of cycles and
U-rooted paths, covering all of the state vertices.

To prove the above theorem, we will make use of the PBH test for controllability (see
Section 2.9.1). We will prove the theorem with the aid of two lemmas.1

Lemma C.4. Let H denote the graph associated with the structured pair (A,B). If every
state vertex can be reached by a path from some input vertex, then for almost any choice
of free parameters in the system matrices, rank

[

A− zI B
]

= n for every z ∈ C \ {0}.
Furthermore, if there is at least one state vertex that cannot be reached by a path from
some input, then for any choice of free parameters in the system matrices, there is at
least one z ∈ C such that rank

[

A− zI B
]

≤ n− 1.

Proof. First, denote f(z) = det(A− zI), and note that it is a nonzero polynomial in the
free parameters in A and z, but it does not include any of the free parameters from B.
Next, consider the matrix P̄1(z) formed by removing the first column of

[

A− zI B
]

.
In the graph H, this corresponds to removing all outgoing edges from the first state

1The following proofs are different from the standard proofs of the above theorem, and are inspired
by the approaches used in [91, 90].
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vertex, but leaving all of the incoming edges. Thus, this state vertex can effectively be
viewed as an ‘output’ vertex in the modified graph, leaving n − 1 state vertices. From
Theorem C.2, we see that the matrix pencil P̄1(z) will have generic normal rank equal
to (n − 1) + 1 = n if there is a linking of size 1 from the input vertices to the ‘output’
(state) vertex. This condition is satisfied since each state vertex can be reached by a
path from some input, and thus there is an n×n submatrix of P̄1(z) that has a nonzero
determinant f1(z); this determinant is a polynomial in z and some of the free parameters
in A and B, with the exception of all free parameters in the first row of A (since that
column was removed).

Continuing in this way, we obtain n+1 nonzero polynomials f(z), f1(z), f2(z), . . . , fn(z),
where fi(z) is a polynomial that does not depend on any free parameters from the i-th
column of A, and f(z) does not contain any free parameters from B. Thus, each free
parameter in the system matrices does not appear in at least one of these polynomials.

Now, the matrix
[

A− zI B
]

will have rank less than n only if all of these polynomials
are zero simultaneously. In other words, the value of z that causes this matrix to lose
rank must be a common zero of all n+1 polynomials. However, since each free parameter
does not appear in at least one polynomial, any common root of all polynomials cannot
be a function of any of the free parameters. Thus, z = 0 is the only possible common
root of all polynomials (generically). This implies that, generically, rank

[

A− zI B
]

for all z ∈ C \ {0}.

On the other hand, suppose that some state vertices cannot be reached by a path from
any inputs; let X1 denote the set of all state vertices that can be reached by a path from
some input, and let X2 = X \ X1 denote all state vertices that cannot be reached by a
path from any input. Then, renumbering the vertices so that those in X1 come first, the
A and B matrices have the form

A =

[

A11 A12

0 A22

]

, B =

[

B1

0

]

.

The zero matrix in A is due to the fact that no state vertex in X2 has an edge from a
state vertex in X1 (otherwise there would be a path from an input vertex to that vertex
in X2). Similarly, the zero matrix in B exists because no input vertex directly connects
to any vertex in X2. The matrices A11,A12,A22 and B1 represent the edges that exist
between the state and input vertices. Thus, we have

rank
[

A− zI B
]

= rank

[

A11 − zI A12 B1

0 A22 − zI 0

]

.

For any choice of free parameters in A and B, the matrix A22− zI will lose rank for any
z that is an eigenvalue of A22, and thus for those values of z, the above matrix pencil
will have rank at most n− 1.

Lemma C.5. If H contains a subgraph that is a disjoint union of cycles and U-rooted
paths, covering all the state vertices, then for almost any choice of free parameters in A

and B, rank
[

A B
]

= n. If H does not contain such a subgraph, then for any choice of

free parameters, rank
[

A B
]

< n
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Proof. Suppose that H contains a subgraph that is a disjoint union of a set of cycles and
U-rooted paths, covering all state vertices. Set the values of all parameters corresponding
to edges not in this subgraph to be zero. Then, the resulting matrix

[

A B
]

has zero
elements everywhere except for n locations, each of which is in a different row and
column. Thus, the matrix will have rank n for any nonzero choice of these remaining
parameters. More generally, the determinant of the n corresponding columns of

[

A B
]

will be a nonzero polynomial in all free parameters in those columns, and thus the matrix
will have rank n for almost any choice of free parameters.

To prove the second statement, we will prove the contrapositive. Suppose rank
[

A B
]

=
n for some numerical choice of free parameters. Then, there is an n× n submatrix that
has nonzero determinant, and this determinant is a polynomial in the free parameters.
Each term in the determinant consists of n free parameters, each from a different row
and column of

[

A B
]

. The set of edges corresponding to these parameters represents
a single incoming edge to each state vertex, and a single outgoing edge from the vertices
that correspond to the columns containing those parameters. Thus, each state vertex
has exactly a single incoming edge, and at most a single outgoing edge, and each input
vertex has at most a single outgoing edge. This set of edges corresponds exactly to a
disjoint union of a set of cycles and U-rooted paths that cover all state vertices.

The above two lemmas together prove Theorem C.3.

C.3.3 Structural Observability

The test for structural observability is completely analogous to the proof for structural
controllability, and the appropriate conditions are given by the following theorem. The
terminology Y-topped path is used to denote a path with end vertex in Y.

Theorem C.4 ([18]). The structured pair (A,C) is structurally
observable if and only if the graph H satisfies both of the following
properties:

1. Every state vertex xi ∈ X has a path to some output vertex.

2. H contains a subgraph that covers all state vertices, and that
is a disjoint union of cycles and Y-topped paths.

The proof is a straightforward translation of the proof of Theorem C.3.

C.3.4 Structural Invertibility

Recall from Theorem 2.7 that a system is invertible if and only if the matrix pencil for
the system has full column rank for at least one choice of z ∈ C. Theorem C.2 provides
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the conditions under which this will hold, leading to the following result.

Theorem C.5 ([18, 91]). Let the graph of a structured linear sys-
tem be given by H. Then the system is structurally invertible if and
only if there is a linking of size m from the input vertices to the
output vertices, where m is the number of inputs.

The above result says that if the graph of the structured system has m vertex disjoint
paths from the inputs to the outputs, then for almost any (real-valued) choice of free
parameters in A, B,C and D, the transfer function matrix C(zI − A)−1B + D will
have rank m. Based on Theorem 2.4, this means that the first m columns of the matrix
M

N−nullity(D)+1 will be linearly independent of all other columns inM
N−nullity(D)+1.

Example C.8. Consider the structured system

x[k + 1] =





λ1 λ2 0
0 0 λ3

0 0 λ4



x[k] +





0 0
0 λ5

λ6 0



u[k]

y[k] =

[

λ7 0 0
0 0 λ8

]

x[k].

(C.7)

The graph H associated with this system is given by

This graph has a linking of size m = 2 from the inputs to the outputs, and thus this
system is structurally invertible.

C.3.5 Structural Invariant Zeros

It turns out that the number of invariant zeros of a linear system is also a structured
property (i.e., a linear system with a given zero/nonzero structure will have the same
number of invariant zeros for almost any choice of the free parameters) [90]. The following
theorem from [18] characterizes the generic number of invariant zeros of a structured
system in terms of the associated graph H. Once again, the terminology Y-topped path
is used to denote a path with end vertex in Y.
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Theorem C.6 ([90, 18]). Let P(z) be the matrix pencil of the struc-
tured set (A,B,C,D), and suppose the generic normal rank of P(z)
is n+m even after the deletion of an arbitrary row from P(z). Then
the generic number of invariant zeros of system (C.1) is equal to n

minus the maximal number of vertices in X contained in the dis-
joint union of a size m linking from U to Y, a set of cycles in X ,
and a set of Y-topped paths.

From Theorem 2.5, note that one can characterize strong observability of a system by
examining the number of invariant zeros of that system. The proof of the above theorem
follows the same lines as the proof of Theorem C.3. First, one shows that the matrix
pencil will generically have rank n + m for all z ∈ C \ {0} by constructing a set of
nonzero polynomials, each of which does not involve at least one free parameter from
the system matrices. This implies that any common root of these polynomials must be
z = 0. Then, one shows that the matrix pencil at z = 0 will have rank n+m if the graph
contains a disjoint set of cycles, m-linking and Y-topped paths. A connection between
the connectivity of the graph and strong observability is developed in Section 7.3.3.
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